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Abstract
Let S be a compact topological inverse Clifford semigroup S such that the maximal semilattice
E and all maximal groups of S are metrizable. We prove that S is first countable and has countable
cellularity; moreover, S is metrizable, provided one of the following conditions is satisfied:
(1) (MA+¬CH) holds;
(2) E is a Gδ -set in S;
(3) E is zero-dimensional;
(4) E is a Lawson semilattice;
(5) all maximal groups of S are Lie groups;
(6) S is dyadic or scadic compact;
(7) S is a fragmentable (or Rosenthal) monolithic compactum;
(8) S is a Corson (or Rosenthal) compactum with countable spread.
Under CH two (separable and unseparable) compact non-metrizable topological inverse commu-
tative semigroups with metrizable subsemilattices and subgroups are constructed. One of these semi-
groups is a first-countable ccc Corson compact space satisfying the properties (M), (∗) and (Kn) for
all n 2 but failing (∗∗).
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Introduction
In this paper we proceed investigations of cardinal invariants of topological inverse
semigroups started in the paper [7] and answer some questions posed in that paper.
First we remind necessary definitions. A set S equipped with an associative operation
∗ :S×S→ S is called an inverse semigroup if for every element x ∈ S there exists a unique
element of S—denoted by x−1 and called the inverse element of x—such that xx−1x = x
and x−1xx−1 = x−1. An inverse semigroup S is called an inverse Clifford semigroup if
xx−1 = x−1x for every x ∈ S (this is equivalent to saying that xe= ex for each x ∈ S and
each idempotent e of S, see [37]). A semilattice is a set S endowed with an associative
commutative operation ∗ :S × S→ S such that each element x of S is an idempotent, that
is x ∗ x = x . Clearly, each semilattice is an inverse Clifford semigroup; also, an inverse
semigroup is a group if and only if it has a unique idempotent.
If an inverse semigroup S is given with a topology such that the maps ∗ :S × S → S
and (·)−1 :S → S are continuous, then S is called a topological inverse semigroup. All
topological spaces considered in this paper are Hausdorff.
Let S be a topological inverse Clifford semigroup. Denote by E the set of all
idempotents of S. Clearly, the set E is closed in S. Moreover, there is a natural retraction
π :S→ E defined by π(x)= xx−1 = x−1x for x ∈ S. It is known that the restriction of
the semigroup operation on E is commutative [37], so E is a topological semilattice. In
fact, E is the maximal semilattice in S. For an idempotent e ∈ E let He be the maximal
group in S containing the idempotent e. It can be shown that He = π−1(e) and thus
S =⋃e∈E He, i.e., inverse Clifford semigroups decompose onto groups parameterized by
the set of idempotents.
In this context the following general problem arises naturally (see [7,20,21]):
Suppose the maximal semilattice E of a topological inverse Clifford semigroup S has a
topological property P1, while all maximal groups He, e ∈ E, of S have a topological
property P2. What can be said about topological properties of the space S?
The following conjecture related to the above problem was made by Bokalo (see [7,20,
21]).
Bokalo Conjecture. A compact topological inverse Clifford semigroup S is metrizable
if and only if the maximal semilattice E and all maximal groups He, e ∈ E, of S are
metrizable.
This conjecture was confirmed by I.I. Guran and O.V. Gutik in two partial cases:
(1) if the maximal semilatticeE of S is linearly ordered and all maximal groupsHe, e ∈E,
are Lie groups [20],
(2) if the principal ideals e ·E, e ∈E, of the semilattice E are open in E [22].
T. Banakh / Topology and its Applications 128 (2003) 13–48 15
One of the aims of this paper is to show that the Bokalo Conjecture is independent of
ZFC-axioms. Namely, Bokalo Conjecture is true under (MA + ¬CH) and is false under
CH.
Now we briefly describe the organization of the paper. In the first section we introduce
and study the cone topology on topological semilattices. Results of this section are
applied in the next section devoted to cardinal invariants of topological inverse Clifford
semigroups. It turns out that topological properties of a topological inverse Clifford
semigroup S in great measure are determined by properties of the cone topology of
the maximal semilattice E of S. A special attention is paid to the chain conditions
in topological inverse Clifford semigroups—they explain the phenomenon of non-
metrizability of the compact topological inverse semigroups constructed in the forth
section. It can be seen that the situation with cardinal invariants of topological inverse
semigroups differs substantially from that in the realm of topological groups but under
(MA+¬CH) that difference disappears and topological inverse Clifford semigroups begin
to behave much like topological groups (at least from the topological point of view).
In the third section we search for metrization criteria for topological inverse Clifford
semigroups. In particular, we prove that a compact topological inverse Clifford semigroup
S is metrizable, provided the maximal semilattice E and all maximal groups He, e ∈E, of
S are metrizable and one of the following conditions is satisfied:
(1) (MA+¬CH) holds;
(2) MA holds and E is a Hušek small subset of S;
(3) E is a Gδ-set in S;
(4) the space E is zero-dimensional;
(5) E is a Lawson semilattice;
(6) all maximal groups He, e ∈E, are Lie groups;
(7) S is dyadic or scadic compact;
(8) S is a πχ -space;
(9) S is a fragmentable (or Rosenthal) monolithic compactum;
(10) S is a Corson (or Rosenthal) compactum with countable spread.
In the final fourth section assuming the Continuum Hypothesis we construct two
(separable and unseparable) non-metrizable compact topological inverse commutative
semigroups with metrizable maximal groups and semilattices, thus disproving the Bokalo
Conjecture. Our unseparable semigroup also answers an old question of van Douwen and
Negrepontis [1, p. 209], providing an example of a first-countable ccc Corson compactum
satisfying the properties (M), (∗) and (Kn) for each n 2 but failing the property (∗∗).
The results of this paper were announced in [4].
1. The cone topology on topological semilattices
Let E be a topological semilattice. The semilattice operation generates a natural partial
order on E: x  y iff xy = x for x, y ∈E. For a point x ∈E let
↓x = {y ∈E: y  x} = {y ∈E: yx = y}
denote the lower cone of the point x . Evidently, the lower cone ↓x is closed in E.
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Definition 1.1. The cone topology on a topological semilattice E is generated by the base
consisting of the intersections (↓x) ∩ U , where x ∈ E and U is an open set in U . The
semilattice E endowed with the cone topology is denoted by Ê.
It is easily seen that Ê is a topological semilattice and Ê = Ê.
Observe that if E is the usual real line R with the min-operation, then the cone topology
on E coincides with the Sorgenfrey topology of R. It should be mentioned that the cone
topology on partially ordered topological spaces has been widely used for constructing
various counterexamples, see [38] or [43].
Now we investigate interplay between topological properties of the semilattices E and
Ê. Let us recall that for a topological space X the weight w(X) = min{|B|: B is a base
of the topology of X}; the character χ(x,X) at a point x ∈X is the minimal cardinality
of a neighborhood base at x; the character χ(X) = sup{χ(x,X): x ∈ X}; the network
weight nw(X) is the minimal size of a network for X (a network for X is a collectionN of
subsets of X such that for every open set U of X and every point x ∈ U there is a subset
N ∈ N with x ∈ N ⊂ U ); the spread or hereditary cellularity hc(X) = sup{|Y |: Y is a
discrete subspace in X}, the extent e(X)= sup{|Y |: Y is a closed discrete subspace in X},
the density d(X) = min{|Y |: Y is dense in X}, the Lindelöf number l(X) is the smallest
cardinal τ such that any open cover U of X has a subcover V with |V| τ , and the compact
covering number k(X) is the smallest size of a cover of X by compact subspaces.
As we shall see later the metrizability of a topological inverse Clifford semigroups
depends on the behavior of cardinal invariants related to chain conditions of the maximal
semilattice of S. Let us remind that a collection A of subsets of a set X is n-linked
(respectively centered), if⋂B = ∅ for any subcollection B ⊂A with |B| n (respectively
|B|< ℵ0).
For a topological space X let
• c(X), the cellularity or Souslin number of X, be the smallest cardinal τ such that
X contains no collection U of pairwise disjoint nonempty open subsets of X with
|U |> τ ;
• sh(X), the Shanin number of X, be the smallest cardinal τ such that any collection U
of nonempty open subsets of X with |U |> τ contains a subcollection V of size |V|> τ
such that
⋂V = ∅;
• psh(X), the pre-Shanin number, be the smallest cardinal τ such that any collection U
of nonempty open subsets of X with |U | > τ contains a centered subcollection V of
size |V|> τ ;
• cn(X) for n  2 be the smallest cardinal τ such that any collection U of nonempty
open subsets of X with |U |> τ contains an n-linked subcollection V of size |V|> τ ;
• c<ω(X)= sup{cn(X): 2 n ω};
• c∗(X) be the smallest cardinal τ such that the family T ∗(X) of all nonempty open
subsets of X can be written as T ∗(X)=⋃α∈τ Tα , where for every α ∈ τ there exists
a constant C ∈N such that the family Tn contains at most C pairwise disjoint sets;
• c∗∗(X) be the smallest cardinal τ such that the collection T ∗(X) can be written in the
form T ∗(X)=⋃α∈τ Tα where for every α ∈ τ there exists a constant C ∈N such that
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for any sets U1, . . . ,Um ∈ Tα there is an index subset I ⊂ {1, . . . ,m} with |I|>m/C
and
⋂
i∈I Ui = ∅.
Following [1,36] or [9] we say that a topological space X has ccc (respectively the
property (∗), (∗∗), (Kn)) if the cardinal c(X) (respectively c∗(X), c∗∗(X), cn(X)) is
at most countable. As expected, ccc is abbreviated from the countable chain condition.
It is known that (Kn)⇐ (∗∗)⇒ (∗)⇒ (K2)⇒ ccc for any topological space X and
n  2, see [9, VI], [36,1]. In terms of cardinal invariants these implications can be
written as c(X)  c2(X)  c∗(X)  c∗∗(X)  c<ω(X) (the second inequality follows
from the famous Erdös–Dushnik–Miller Partition Theorem asserting that κ → (κ,ℵ0)22
for any infinite cardinal κ (see [13] or [24, p. 223]); the last one can be proven by
the argument of [36, 5.5]). Note also that d(X)  c∗∗(X)  c<ω(X)  psh(X)  sh(X)
for any topological space X. Moreover, for a compact space X we have the equality
psh(X) = sh(X), see [2]. According to [36, 5.3], a compact topological space has the
property (∗∗) if and only if X supports a strictly positive measure (that is a probability
Borel regular measure µ such that µ(U) > 0 for any open nonempty subset U of X).
Let us recall that a subset A of a partially ordered set (X,) is called an antichain if
the elements of A are pairwise incomparable, i.e., for every distinct a, b ∈A neither a  b
nor b  a.
Proposition 1.2. For every topological semilattice E
(1) |E|w(Ê ) |E| · χ(E);
(2) nw(Ê )= |E|;
(3) χ(Ê ) χ(E);
(4) d(Ê ) d(E);
(5) l(Ê ) l(E);
(6) hc(Ê ) sup{|A|: A is an antichain in E} and hc(Ê) hc(E);
(7) e(Ê ) sup{|A|: A is a closed antichain in E} and e(Ê) e(E);
(8) c(Ê ) c2(Ê ) c<ω(Ê ) nw(E) c∗(Ê ).
Proof. All the inequalities except for the last one are rather trivial. To prove that
c<ω(Ê )  nw(E), fix n  2 and let U be a collection of nonempty open subsets in Ê
with |U | > nw(E). Let N be a network of the topology of E with |N | = nw(E). For
every U ∈ U find a point a(U) ∈ E and an open set V (U) ⊂ E such that a(U) ∈ V (U)
and (↓a(U))∩ V (U)⊂U . Next, using the continuity of the semilattice operation, find an
element AU ∈N such that a(U) ∈AU ⊂ AnU ⊂ V (U). Since |U |> |N |, there is a A ∈N
and a subcollection V ⊂ U such that |V|> |N | = nw(E) and AU = A for each U ∈ V . To
show that the collection V is n-linked, take any n elements U1, . . . ,Un ∈ V and consider
the product a = a(U1) · · ·a(Un) ∈An. Then a ∈An∩↓a(U1)∩ · · ·∩↓a(Un)⊂U1 ∩ · · ·∩
Un = ∅, i.e., the collection V is n-linked. This proves the inequality c<ω(Ê ) nw(E).
Finally, let us show that c∗(Ê )  nw(E). Denote by T ∗(Ê ) the family of nonempty
open subsets of Ê and for any element A of the network N consider the subfamily
TA = {U ⊂ T ∗(Ê): ∃a ∈ A with A2 ∩ ↓a ⊂ U}. It is clear that T ∗(Ê )=⋃A∈N TA. Let
us show that U1 ∩ U2 = ∅ for any elements U1,U2 ∈ TA. Indeed, by the definition of the
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family TA for every i = 1,2 there is a point ai ∈ A such that A2 ∩ ↓ai ⊂ Ui . Then their
product a = a1a2 in E belongs to the set A2 ∩ ↓a1 ∩ ↓a2 ⊂U1 ∩U2 which yields that the
intersection U1 ∩U2 is not empty. ✷
Next, we calculate the Shanin number of Ê. We define a topological semilattice E to be
• lower compact if each lower cone ↓x , x ∈E, is compact;
• lower locally compact if each lower cone ↓x , x ∈E, is locally compact at the point x;
• locally lower compact if each point x ∈E has a closed neighborhoodU ⊂E such that
U ∩ (↓y) is compact for every y ∈ U .
Clearly, every locally compact topological semilattice is locally lower compact and
every locally lower compact topological semilattice is lower locally compact. On the other
hand, there exist non-locally compact topological semilattices which are lower compact,
e.g., the semilattice Nω endowed with the product topology and the min-operation.
Proposition 1.3. If E is a lower locally compact topological semilattice, then psh(Ê ) =
sh(Ê ).
Proof. To show that sh(Ê ) psh(Ê ), fix any collection U of open subsets in Ê with |U |>
psh(Ê ). For every U ∈ U find a point x(U) ∈ U and an open neighborhood V (U)⊂E of
x(U) such that (↓x(U))∩ V (U) is a compact set contained in U . Consider the collection
U1 = {(↓x(U)∩V (U): U ∈ U} of open sets in Ê. Since |U1| = |U |> psh(Ê ), there exists
a subcollection V ⊂ U such that |V|> psh(Ê ) and the family V1 = {(↓x(U))∩V (U): U ∈
V} is centered. This implies that the family F = {(↓x(U)) ∩ V (U): U ∈ V} of compact
subsets of E is centered too. By Theorem 3.1.1 of [12], ⋂F = ∅. Then ∅ =⋂F ⊂⋂V
and thus sh(Ê ) psh(Ê ). ✷
It is known that (MA+¬CH) implies that psh(X)= c(X) for every topological space
X with c(X)=ℵ0, see [2, p. 43]. This observation together with Propositions 1.2 and 1.3
yield
Theorem 1.4. Assume (MA + ¬CH). If E is a lower locally compact topological
semilattice with countable network weight, then c(Ê )= psh(Ê )= sh(Ê )= nw(E)=ℵ0.
This theorem cannot be proven in ZFC: later we will show that the metrizable compact
non-Lawson semilattice T constructed by Lawson [30] satisfies sh(T̂ )= c under CH.
We recall that a Lawson semilattice is a topological semilattice admitting a base of the
topology consisting of subsemilattices, see [8]. Let us mention that each compact zero-
dimensional topological semilattice is Lawson, see Theorem II.1.5 of [23].
Theorem 1.5. Suppose E is a Lawson semilattice whose underlying topological space is
regular.
(1) If the semilattice E is locally lower compact, then sh(Ê ) · c∗∗(Ê ) d(Ê ) nw(E).
(2) If E is lower locally compact, then nw(E) d(Ê ) · k(E).
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(3) If E is locally compact, then w(E)= d(Ê ) · l(E).
(4) If E is compact, then d(Ê )=w(E).
Proof. (1) Suppose E is a regular locally lower compact Lawson semilattice. By [12,
3.12.7(e)], max{d(E), l(E)}  nw(E). Let D ⊂ E be a dense subset with |D| = d(E).
Since E is a regular locally lower compact Lawson semilattice, there is a cover U of
E by open subsemilattices such that U ∩ (↓y) is compact for every U ∈ U and y ∈ U .
Moreover, we may assume that |U |  l(E)  nw(E). Let N be a network for E with
|N | = nw(E). Since E is a regular Lawson semilattice, we may assume that each N is
a closed subsemilattice in E (otherwise replace N by the set ⋂{L ⊂ E: L is a closed
subsemilattice containing N}). Consider the set
I = {(x,U,N) ∈D × U ×N : x ∈U ∩D and N ∩ (↓x)∩ U = ∅}.
Clearly, |I|  nw(E). Notice that for every (x,U,N) ∈ I N ∩ (↓x) ∩ U is a compact
subsemilattice in E and hence, it has a unique smallest element a(x,U,N), see [8, 2.1].
We claim that the set A = {a(x,U,N): (x,U,N) ∈ I} is dense in Ê. To verify this, fix
a point x ∈ E and a neighborhood O(x) ⊂ E of x . Find U ∈ U with x ∈ U . Pick up an
open subsemilattice O1(x)⊂ E such that x ∈ O1(x) and x ·O1(x)⊂O(x) ∩U . Fix any
point y ∈ O1(x) ∩D. Then xy ∈ O(x) ∩ U and consequently, there is N ∈N such that
xy ∈N ⊂O(x)∩U . Then (y,U,N) ∈ I and thus a(y,U,N) ∈N ⊂O(x)∩U . Note that
xy ∈N ∩ (↓y)∩ U and thus a(y,U,N) xy  x is a point from the set A ∩O(x)∩ ↓x .
This yields d(Ê )  |A|  nw(E). The inequality sh(X) · c∗∗(X)  d(X) holds for any
topological space X, see [12, 2.7.11(a)], [9].
(2) SupposeE is a lower locally compact Lawson semilattice. Fix a dense subset A⊂ Ê
with |A| = d(Ê ) and a cover K of E by compact subsets with |K| = k(E). For a point
x ∈ E let ↑x = {y ∈ E: xy = x} denote the upper cone over x; for a subset F ⊂ E let
↑F =⋃f∈F ↑f . Clearly, the upper cone ↑F of every finite set F ⊂E is closed in E.
For every K ∈K, a ∈A, and a finite subset F ⊂A let
N(K,a,F )=K ∩ (↑a) \ (↑F).
We claim that the collection N = {N(K,a,F ): K ∈ K, a ∈ A, F ⊂ A, |F | < ω} is
a network for E. Fix a point x ∈ E and an open neighborhood O(x) of x in E. Let
O1(x) be a neighborhood of x such that O1(x) ⊂ O(x). Fix a compact set K ∈ K with
x ∈ K . Since K ∩ (↑x) is a compact set with (K ∩ (↑x)) · x = x , we may find an open
neighborhood U of K ∩ (↑x) in E such that U · x ⊂O1(x). Note that K \U is a compact
set with (K \U) · x  x . Let W ⊃ (K \U) · x and O2(x)  x be disjoint open sets. By the
continuity of the semilattice operation, there is a neighborhood O3(x) ⊂ O2(x) ∩O1(x)
such that (K \ U) · O3(x) ⊂ W . Using the density of the set A in Ê, pick a point
a ∈ A ∩O3(x) ∩ (↓x). Then (K \ U) · a ⊂W and since a ∈ O2(x) and O2(x) ∩W = ∅,
we get (K \U) · a  a and thus z ∈U for every z ∈K with z a.
Using the lower local compactness of the semilattice E, for any y ∈ (↑a) ∩K \O(x)
fix an open neighborhood V (y) ⊂ U \O1(x) of y such that the intersection V (y) ∩ ↓y
is compact. Next, fix an open subsemilattice L(y) such that y ∈ L(y) ⊂ L(y) ⊂ V (y).
Let {L(y1), . . . ,L(yn)} be a finite subcover of the compact set (↑a) ∩ K \ O(x). Let
zi be the smallest element of the compact semilattice L(yi) ∩ ↓yi ⊂ V (yi) ∩ ↓yi for
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i = 1, . . . , n. Observe that for every z ∈ L(yi) we have z · yi ∈ L(yi) ∩ ↓yi and thus
zi  z · yi  z. Hence L(yi) ⊂ ↑zi . Using the density of the set A in Ê, fix for every
i = 1, . . . , n a point ai ∈ A ∩ V (yi) ∩ (↓zi). Let F = {a1, . . . , an} ⊂ A and observe that
↑F ⊃⋃ni=1 L(yi) ⊃ (↑a) ∩ K \ O(x). Hence N(K,a,F ) = (↑a) ∩ K \ (↑F) ⊂ O(x).
Finally, let us show that x ∈ N(K,a,F ). Assuming the converse we would get x  ai
for some i = 1, . . . , n. But ai ∈ V (yi) ⊂ U \ O1(x) implies ai · x ∈ U · x ⊂ O1(x), a
contradiction with x · ai = ai . Therefore x ∈ N(K,a,F ) ⊂O(x) and N is a network for
E. Hence nw(E) |N |max{|A|, |K|}max{d(Ê ), k(E)}.
(3) If E is locally compact, then k(E) l(E) and nw(E) d(Ê ) · k(E) d(Ê ) · l(E)
according to the preceding item. Since the network weight coincides with weight for locally
compact spaces [12, 3.3.5], we get w(E) = nw(E) d(Ê ) · l(E). The inverse inequality
follows from l(E)  w(E) [12, 3.12.7(e)] and the inequality d(Ê )  nw(E) proved the
first item of this theorem. ✷
Now we give two examples showing that Theorem 1.5 fails beyond the class of locally
lower compact Lawson semilattices.
Example 1.6. As we have already noticed, the Tychonov productEmin =Nω endowed with
the coordinate min-operation is a lower compact Lawson semilattice and thus d(Êmin)
w(Emin) ℵ0. On the other hand,Emax =Nω endowed with the coordinate max-operation
is a Lawson semilattice which is not even lower locally compact. It can be verified that the
density d(Êmax) of Êmax is equal to the well-known small cardinal d = min{|A|: A is a
cofinal subset in (Nω,)}. It is known that ℵ0 < d c, while each of the relations d=ℵ1,
d= c, or ℵ1 < d< c is independent of ZFC-axioms, see [10,45].
There exists also a metrizable compact topological semilattice T with uncountable
d(T̂ ). This is the non-Lawson semilattice constructed by Lawson [30]. We remind briefly
its construction following [8, 2.21].
For each n > 1 let αn = 1m21−m, where 2m−1 < n 2m. For each i ∈ N let s(i) be the
minimal integer such that
∑s(i)
j=2 αj  i . Let Si = {0,1}s(i) and for x ∈ Si let θ(x) denote
the number of zero coordinates of x . Define a map σi :Si →[0,∞] by
σi(x)=

∞, if θ(x)= 0,
i, if θ(x)= 1,
0, if θ(x)= s(i),
i −∑θ(x)n=2 αn, otherwise,
where [0,∞] is the one-point compactification of [0,∞). By Lemma 2.17 of [8], σi is an
order preserving function from Si into [0,∞].
Let K = [0,∞] × ∏∞i=1 Si and let T = {(t, (xi)∞1 ) ∈ K: σi(xi)  t for all i}. The
multiplication on T is defined by the rule: (t, (xi)) · (s, (yi)) = (u, (xiyi)), where u =
inf{t, s, σi(xiyi): i ∈N}. By Lemmas 2.18 and 2.19 of [8], T is a compact semilattice and
the set I = {(0, x) ∈ T } is a closed ideal in T .
For every i ∈ N let Ci ⊂ {0,1}s(i) be the set of all sequences with a unique zero entry.
Evidently, |Ci | = s(i). Let C = {1} ×∏∞i=1 Ci ⊂ [0,∞] ×∏∞i=1 Si . Clearly, C ⊂ T is a
closed antichain in T , homeomorphic to the Cantor cube {0,1}ω.
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We shall need the following unexpected property of the semilattice T (cf. [8, 2.20]).
Lemma 1.7. If L is a closed subsemilattice of T with L ∩ I = ∅, then L is nowhere dense
in T and C ∩L is nowhere dense in C.
Proof. First we show that L is nowhere dense in T . Assuming the converse we would
find a point (t, (xi)) lying in the interior L◦ of L. Then σi(xi)  t > 0 for all i . Since T
carries the product topology, there is an integer j  t such that L◦ ⊃ {(t, (yi)) ∈ T : yi = xi
for i < j }. Let Q = {(t, (yi)) ∈ K: yi = xi for i = j and yj has one zero entry}. Then
Q has s(j) elements. For each (t, (yi)) ∈ Q we have σi(yi) = si(xi)  t if i = j and
σj (yj )= j  t , i.e., Q⊂ T and Q⊂ L◦. Let (τ, (zi))= infQ. Since L is a subsemilattice,
(τ, (zi)) ∈ L. From (τ, z) ∈ T , we get t  σj (zj ) = 0 (because zj has all zero entries).
Hence (τ, (zi))= (0, (zi)) ∈L ∩ I , a contradiction.
Analogously, we can show that L∩C is nowhere dense in C. ✷
Next, we calculate cardinal invariants of the semilattice T̂ . First we remind definitions
of certain small cardinals. By M we denote the σ -ideal of meager subsets of the real line
R and let
cov(M)=min{|C|: C ⊂M, ⋃C =R},
non(M)=min{|A|: R⊃A /∈M}.
Thus cov(M) is the smallest size of a cover of R by meager subsets and non(M) is the
smallest size of a nonmeager subset of R. In fact, the real line in the definition of the
cardinals cov(M) and non(M) can be replaced by any Polish (= separable completely-
metrizable) space without isolated points. It is well-known that ℵ0  cov(M),non(M)
c and the equality non(M)= cov(M)= c follows from Martin Axiom (while the equality
cov(M)= c is equivalent to Martin Axiom for countable posets), see [45,27].
A topological space X is defined to be a Lusin space if each nowhere dense subset of
X is at most countable. Using the Continuum Hypothesis an uncountable Lusin subspace
of the real line was first constructed by P. Mahlo in 1913 and N. Lusin in 1914, see [32,
§2]. Actually, their technique allows to construct an uncountable Lusin subset of R using
the assumption non(M) = d = ℵ1 (which is weaker than CH and is consistent with its
negation). It is clear that each separable metrizable uncountable Lusin space contains a
Lusin subspace of size ℵ1 which is not meager. This implies that under (MA+¬CH) or
just under non(M) > ℵ1 all separable metrizable Lusin spaces are at most countable. Let
l= sup{|X|: X is a metrizable separable Lusin space}.
Thus ℵ0  l  c. (MA + ¬CH) (or just non(M) > ℵ1) imply that ℵ0 = l. On the other
hand, CH (or just non(M)= d= ℵ1) yields that ℵ0 < l. Yet, there are models of ZFC in
which ℵ1 < l= c, see [29] or [16].
Theorem 1.8. The compact topological semilattice T has the following properties:
(1) ℵ0 = w(T ) = c(T̂ ) = c<ω(T̂ )  l  psh(T̂ ) = sh(T̂ )  max{sh(T̂ ), cov(M)} 
d(T̂ ) e(T̂ )= hc(T̂ )= c;
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(2) (Under MA+¬CH) ℵ0 = c(T̂ )= sh(T̂ ) < d(T̂ )= c;
(3) (Under CH) ℵ0 = c(T̂ )= c<ω(T̂ ) < psh(T̂ )= sh(T̂ )= d(T̂ )= c.
Proof. (1) The equalities ℵ0 =w(T )= c(T̂ )= c<ω(T ) follow from Proposition 1.2. The
equality e(T̂ ) = hc(T̂ ) = c follows from Proposition 1.2 and the fact that C is a closed
antichain in T with |C| = c. By Proposition 1.3, psh(T̂ )= sh(T̂ ).
To show that l  sh(T̂ ), it suffices to verify that sh(T̂ )  |X| for any uncountable
metrizable separable Lusin space X. Given such a space X, it is easy to find a zero-
dimensional Lusin subspace L of X with |L| = |X| such that L has no isolated points.
In this case, L can be identified with a dense subset of the Cantor cube C ⊂ T and we may
consider the collection U = {(↓a) \ I : a ∈ L} of open sets in T̂ . Clearly, |U | = |L| = |X|.
We claim that
⋂V = ∅ for every subcollection V ⊂ U with |V| > ℵ0. Indeed, suppose
B ⊂ L is a subset such that the intersection ⋂{(↓b) \ I : b ∈ B} contains some point
x ∈ T . Clearly, x /∈ I and B ⊂ L ∩ (↑x) is at most countable according to Lemma 1.7 and
the property of the Lusin space L. Therefore sh(T̂ ) |U | = |L| = |X|.
Finally, let us show that d(T̂ )  cov(M). Let D ⊂ T be a dense set in T̂ with
|D| = d(T̂ ). Then for every x ∈ T \ I there exists d ∈ D \ I with d  x . This implies
that T \ I =⋃d∈D\I (↑d). Noticing that each upper cone ↑d = {x ∈ T : x  d} is a closed
subsemilattice in T disjoint with I and applying Lemma 1.7, we get that ↑d is nowhere
dense in T \ I for every d ∈D \ I . Thus the Polish space T \ I is covered by |D| nowhere
dense subsets. It follows that T \ I has no isolated points and d(T̂ )= |D| cov(M).
(2) Under (MA + ¬CH) the relations ℵ0 = c(T̂ ) = sh(T̂ ) < d(T̂ ) = c follow from
Theorems 1.4, 1.8(1) and the equality cov(M)= c holding under (MA), see [27] or [45].
(3) Under CH the relations ℵ0 = c(T̂ )= c<ω(T̂ ) < sh(T̂ )= d(T̂ )= c follow from the
Theorem 1.8(1) and the equality l= c holding under (CH). ✷
Finally let us ask the following question suggested by Theorems 1.5 and 1.8.
Question 1.9. Is w(E) d(Ê ) for every compact topological semilattice E?
2. Cardinal invariants of topological inverse Clifford semigroups
In this section we reveal interplay between cardinal invariants of a topological inverse
Clifford semigroup S and cardinal invariants of its maximal groups, its maximal semilattice
E and the semilattice Ê.
First we generalise the notion of the total boundedness to the class of topological inverse
Clifford semigroups. We remind that a topological group G is totally bounded if for any
neighborhood U of the idempotent of G there is a finite subset F ⊂ G with G = FU
(equivalently, each U -separated subset of G is finite).
Generalizing the latter property of totally bounded topological groups we come to an
important notion of a narrow topological inverse Clifford semigroup. Given an open subset
U of a topological inverse Clifford semigroup S we say that a subset F of S is U -separated
if a−1b /∈ U for any distinct points a, b ∈ F . A topological inverse Clifford semigroup S
is defined to be narrow if for any idempotent e of S and any neighborhood U ⊂ S of e
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there are a positive integer m ∈ N and a neighborhood W ⊂ S of e such that |A|m for
each U -separated subset A ⊂ π−1(W ∩ ↓e) where π :S → E, π :x  → xx−1 = x−1x is
the canonical projection of S onto its maximal semilattice E.
The projection π :S → E is called parallel if for any idempotent e of S and a
neighborhood U of e in S there is a neighborhood W of e in E such that π−1(W ∩ ↓e)⊂
π−1(e) ·U .
Proposition 2.1. The projection π :S→ E of a topological inverse Clifford semigroup S
onto the maximal semilattice E is parallel provided π is a closed map.
Proof. Fix an idempotent e ∈ E and an open neigborhood U ⊂ S of e. Consider the
subsemigroup Se = π−1(↓e) of S and note that for any g ∈ He = π−1(e) the left shift
lg :Se → Se , lg :x  → gx , is a homeomorphism of Se with the inverse lg−1 . ThenHe ·U is an
open neighborhood of the groupHe in Se . LetO be any open set in S with O∩Se =He ·U .
Since the projection π :S→ E is closed, there is a neighborhood W of e in E such that
π−1(W)⊂O . Then π−1(W ∩ ↓e)⊂O ∩ Se ⊂He ·U . ✷
Let us remark that a parallel projections needs not be closed (just consider the projection
π : [0,1] × Z→ [0,1] of the product of [0,1] endowed with the min-operation and the
discrete group of integers).
The following proposition describes some properties of narrow topological inverse
Clifford semigroups.
Proposition 2.2.
(1) An inverse subsemigroup of a narrow topological inverse Clifford semigroup is narrow.
(2) Each maximal group of a narrow topological inverse Clifford semigroup is totally
bounded.
(3) A topological inverse Clifford semigroup S is narrow provided each maximal group
of S is totally bounded and the projection π :S → E is parallel. In particular, any
compact topological inverse Clifford semigroup is narrow.
Proof. In fact, all the statements except for the last one are rather trivial. To prove the last
statement, assume that the maximal groups of a topological inverse Clifford semigroup
S are totally bounded and the projection π :S → E of S onto its maximal semilattice
is parallel. Fix any idempotent e ∈ E and an open neighborhood U ⊂ S of e. Find a
neighborhood V of e in S such that V −1eV ⊂ U and let V1 be an open neighborhood
of e in S such that V1 · V1 ⊂ V . By the total boundedness of the group He, find a finite
subset F ⊂He such that He ⊂ F · V1.
Since the projection π :S→ E is parallel, there is a neighborhood W of e in E such
that π−1(W ∩ ↓e)⊂He · V1 ⊂ F · V1 · V1 ⊂ F · V .
We claim that |A| |F | for any U -separated subset A⊂ π−1(W ∩↓e). Assuming that
|A|> |F | we could find two distinct points a, b ∈ A such that a, b ∈ cV for some c ∈ F .
Then a−1b ∈ (cV )−1(cV ) = V−1c−1cV = V −1eV ⊂ U and thus A is not U -separated.
This contradiction completes the proof. ✷
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In addition to cardinal functions considered in the preceding section we recall the
definitions of some other cardinal invariants. For a topological space the π -weight πw(X)
is the smallest size of a π -base of X, that is a collection U of nonempty open subsets
of X such that each nonempty subset of X contains an element of U ; the π -character
πχ(x,X) at a point x ∈ X is the smallest size |U | of a collection U of nonempty open
subsets of X such that each neighborhood of x contains an element of U ; the π -character
πχ(X) = sup{πχ(x,X): x ∈ X}; the pseudocharacter ψ(A,X) of a subset A ⊂ X is
the smallest size of a collection U of open subsets of X such that A =⋂U ; ψ(x,X) =
ψ({x},X) is the pseudocharacter at a point x ∈ X; ψ(X) = sup{ψ(x,X): x ∈ X} is the
pseudocharacter of X; ∆(X) = ψ(∆X,X ×X), where ∆X = {(x, x): x ∈ X} ⊂ X ×X,
is the diagonal number of X; the tightness t (X) is the smallest cardinal τ such that for
every subset A ⊂ X and every point a of the closure A of A in X there is a subset
B ⊂ A such that |B|  τ and a ∈ B; hl(X) = sup{l(Y ): Y ⊂ X} is the hereditary
Lindelöf number; hd(X) = sup{d(Y ): Y ⊂ X} is the hereditary density, and ρ(X) = ℵ0 ·
sup{τ : there is a continuous surjective map f :X→[0,1]τ } is the Shapirovskiı˘ number.
For a topological group G let ib(G), the index of boundedness, be the smallest cardinal
τ such that for each nonempty open subset U ⊂ G there is a subset F ⊂ G such that
G= F ·U and |F | τ . It is known that ib(G)min{c(G), l(G)}, see [19], [42, §4].
In the following theorem we summarize all known (positive) results concerning cardinal
invariants of topological inverse Clifford semigroups. The statement (1) of this theorem
first was proved in [7, 3.3]; (2) and (6) generalize Theorems 3.8 and 3.7 of [7]; the
statements (10) and (15) belong to B.M. Bokalo and hold in a more general situation,
see Theorem 1 of [5].
Theorem 2.3. Let S be a topological inverse Clifford semigroup, E be the maximal
semilattice of S, He, e ∈ E, be the maximal groups of S, and Ê be the semilattice E
equipped with the cone topology. Then
(1) ψ(S)= sup{ψ(E),ψ(He): e ∈E};
(2) c(S) sup{sh(Ê ), c(He): e ∈E};
(3) cn(S) sup{sh(Ê ), cn(He): e ∈E} for every n 2;
(4) c<ω  sup{sh(Ê ), c<ω(He): e ∈E};
(5) psh(S) sup{sh(Ê ),psh(He): e ∈E};
(6) sh(S) sup{sh(Ê ), sh(He): e ∈E};
(7) d(S) sup{d(Ê ), d(He): e ∈E};
(8) c∗(S) sup{d(Ê ), c∗(He): e ∈E};
(9) c∗∗(S) sup{d(Ê ), c∗∗(He): e ∈E};
(10) ∆(S)max{∆(E),ψ(E,S)};
(11) ψ(E,S) sup{d(Ê ),ψ(He): e ∈E};
(12) ψ(E,S)  sup{psh(Ê ),hl(He): e ∈ E}, provided S is a regular space and the
semilattice E is lower locally compact;
(13) w(S)  l(S) · χ(S) ·∆(E) · psh(Ê ) and πχ(S)  χ(S) = sup{χ(E),πχ(He): e ∈
E}, provided S is a locally compact space;
(14) w(S)= l(S) · χ(S) ·w(E) and πw(S) sup{w(E),πw(He): e ∈E}, provided S is
locally compact and E is a Lawson semilattice;
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(15) t (S)= sup{t (E), t (He): e ∈E} if the projection π :S→E is a closed map;
(16) c(S) c<ω(S) sup{nw(E),χ(e, S), ib(He): e ∈ E} if the projection π :S→ E is
parallel;
(17) c(S) c2(S) c∗(S) nw(E) c(Ê ) c(S), provided S is narrow.
Proof. (1) The inequality ψ(S)  sup{ψ(E),ψ(He): e ∈ E} is trivial. To prove the
inverse inequality, fix a point x ∈ S. Let e = π(x)= xx−1. Let U be a collection of open
subsets of E such that |U |ψ(E) and ⋂U = {e}. Let V = {π−1(U): U ∈ U} and W be
a collection of open subsets in S such that |W|  ψ(He) and (⋂W) ∩ He = {x}. Then
V ∪W is a collection of open subsets of S such that |V ∪W| sup{ψ(E),ψ(He): e ∈E}
and
⋂
(V ∪W)= {x}, i.e., ψ(S) sup{ψ(E),ψ(He): e ∈E}.
(2) To show that c(S) τ , where τ = sup{sh(Ê ), c(He): e ∈E}, fix is a collection U of
nonempty open subsets in S with |U |> τ . For every U ∈ U fix a point x(U) ∈U and find a
neighborhoodV (U)⊂ E of π(x(U)) such that x(U) ·V (U)⊂U . Now consider the family
V = {V (U)∩↓π(x(U)): U ∈ U} of open sets in Ê. Since |V| = |U |> τ  sh(Ê ), there is
a subcollectionW ⊂ U and a point e ∈E such that |W|> τ and e ∈ V (U)∩↓π(x(U)) for
everyU ∈W . Observe that for everyU ∈W x(U) ·e ∈ U∩He and thusU∩He = ∅. Since
c(He) τ , we conclude that there exist two sets U,V ∈W such that U ∩V ∩He = ∅, i.e.,
c(S) τ .
The inequalities (3)–(6) can be proven by analogy with (2).
(7) Let A ⊂ Ê be a dense subset with |A|  d(Ê ). For each e ∈ A fix a dense subset
De ⊂ He with |De| = d(He). Then the union D =⋃e∈ADe is dense in S. To show this
fix any point x ∈ S and a neighborhood U ⊂ S of x . By the continuity of the semigroup
operation, the idempotent π(x) ∈ E has a neighborhood V ⊂ E such that x · V ⊂ U . By
the density of the set A in Ê, there is a point e ∈A∩V ∩↓π(x). Then xe ∈He ∩U . Using
the density of the set De in He, pick up a point y ∈De with y ∈ U ∩He. Hence y ∈U ∩D
and d(S) |D| sup{d(Ê ), d(He): e ∈E}.
(8) To show that c∗(S)  sup{d(Ê ), c∗(He): e ∈ E}, fix a dense subset D ⊂ Ê
with |D| = d(Ê ) and for every e ∈ D write T ∗(He) = ⋃α∈c∗(He) Te,α where each
collection Te,α contains at most n = n(e,α) ∈ N pairwise disjoint open subsets of He.
Let T ′e,α = {U ∈ T ∗(S): U ∩ He ∈ Te,α}. It follows that the collection T ′e,α contains at
most n(e,α) pairwise disjoint open sets of S. Since the set⋃e∈D He is dense in S (see the
previous item), we get T ∗(S)=⋃e∈D⋃α∈c∗(He) T ′e,α and thus c∗(S)∑e∈D |c∗(He)|
sup{d(Ê ), c∗(He): e ∈E}.
(9) By analogy we can prove that c∗∗(S) sup{d(Ê ), c∗∗(He): e ∈E}.
(10) To verify that ∆(S) max{∆(E),ψ(E,S)}, fix a collection U of open subsets in
S such that |U | ψ(E,S) and ⋂U = E, and a collection V of open sets in E × E such
that |V|∆(E) and⋂V =∆E = {(e, e): e ∈E} ⊂E ×E.
For every U ∈ U and V ∈ V let
WU =
{
(x, y) ∈ S × S: xy−1 ∈U} and
WV =
{
(x, y) ∈ S × S: (π(x),π(y)) ∈ V }.
Clearly, the sets WU and WV are open in S × S and the collection W = {WU : U ∈
U} ∪ {WV : V ∈ V} has size |W|  max{∆(E),ψ(E,S)}. We claim that ⋂W = ∆S .
Indeed, let (x, y) ∈⋂W . Then π(x)= π(y)= e for some e ∈E and xy−1 ∈E. It follows
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that x, y ∈He and xy−1 = e which implies y = x by the uniqueness of the inverse element
x−1 in the group He. Thus (x, y) ∈∆S and ∆(S) |W|max{∆(E),ψ(E,S)}.
(11) Fix a dense subset A⊂ Ê with |A| = d(Ê ). For every point e ∈A fix a collection
U(e) of open subsets in S such that |U(e)| ψ(He) and He ∩ (⋂U(e))= {e}. For every
set U ∈ U(e) let
WU =
{
x ∈ S: eπ(x) = e or ex ∈ U}.
Evidently, the set WU is open in S and E ⊂WU . Let W = {WU : U ∈ U(e), e ∈ A}. We
claim that
⋂W = E. To prove that, fix any point x ∈ S \ E. By the continuity of the
semigroup operations of S, there is an open neighborhood O of the idempotent π(x) ∈ E
such that ex /∈ E for every e ∈ O . Since the set A is dense in Ê, there exists a point
e ∈A∩O ∩ (↓π(x)). Hence e ∈A∩O and eπ(x)= e. By the choice of the neighborhood
O , ex /∈ E and thus ex /∈ U for some U ∈ U(e). Then x /∈WU and x /∈⋂W . Therefore⋂W =E and ψ(E,S) |W| sup{d(Ê ),ψ(He): e ∈E}.
(12) Suppose the space S is regular and the semilattice E is lower locally compact. By
Proposition 1.3, sh(Ê ) = psh(Ê ). Let τ = sup{psh(Ê ),hl(He): e ∈ E}. Assume on the
contrary that ψ(E,S)  τ+, where τ+ is the successor of the cardinal τ . We identify τ+
with the smallest ordinal of the cardinality τ+.
Using the regularity of S, to each x ∈ S \E assign an open neighborhoodU(x)⊂ S such
that U(x)∩E = ∅. Since the semilattice E is lower locally compact, the idempotent π(x)
has a closed neighborhood O(π(x))⊂ E such that Λ(x)=O(π(x))∩ ↓π(x) is compact
and x · O(π(x)) ⊂ U(x). Let W(x) = {y ∈ S: ∃e ∈ Λ(x) with ey ∈ U(x)}. Evidently,
W(x) ⊂ S \ E. We claim that the set W(x) is closed in S. To see this, observe that the
set F = {(e, y) ∈Λ(x)× S: ey ∈ U(x)} is closed in Λ(x)× S and W(x) is the projection
of F onto the second coordinate. Since the space Λ(x) is compact, the projection map
pr :Λ(x)× S→ S is closed [12, 3.7.1]. Hence, the set W(x) is closed in S.
Since ψ(E,S)  τ+, by transfinite induction, for every ordinal ξ < τ+ we may find a
point xξ ∈ S \E such that xξ /∈⋃α<ξ W(xα). Since U = {Λ(xξ ): ξ < τ+} is a collection
of closed sets with nonempty interiors in Ê and |U | = τ+ > τ  psh(Ê )= sh(Ê ), there is
a subset A⊂ {ξ : ξ < τ+} with |A|> τ and an idempotent e ∈ E such that e ∈Λ(xξ ) for
every ξ ∈A.
Consider the group He and observe that for every ξ ∈ A exξ ∈ He and exξ ∈ xξ ·
Λ(xξ ) ⊂ U(xξ ). Consider the subset X = {exξ : ξ ∈ A} ⊂ He. Since l(X)  hl(He)  τ ,
there is α ∈ A such that |{β ∈ A: exβ ∈ U(xα)}| = |A| = τ+. Consequently, there exists
β > α with exβ ∈ U(xα). Since e ∈Λ(xα) we conclude that xβ ∈W(xα), a contradiction
with the choice of the points xξ . Thus ψ(E,S) τ .
(13) Suppose S is a locally compact space. Then the semilattice E, being a closed subset
in S, is locally compact too. By the preceding case, ψ(E,S)  sup{psh(Ê ),hl(He): e ∈
E}. Let τ = l(S) ·χ(S) ·∆(E) ·psh(Ê ). Notice that ψ(He) χ(S) τ implies∆(He) τ
for every e ∈E. Since S is locally compact, each maximal groupHe is locally compact too.
Consequently, hl(He)  w(He)  max{l(He),∆(He)}  max{l(S),ψ(He)}  τ . Then
ψ(E,S)  sup{psh(Ê ),hl(He): e ∈ E}  τ and by Theorem 2.3(10), ∆(S)  ∆(E) ·
ψ(E,S) τ . According to [2, II.§1], w(S) l(S) ·∆(S) τ .
The relation πχ(S)  χ(S) = sup{χ(E),πχ(He): e ∈ E} follows from Theo-
rem 2.3(1) and the well-known equalities πχ(X)  χ(X) = ψ(X) and χ(H) = πχ(H)
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holding for every locally compact space X and every topological group H , see [12, 3.3.4]
and [3] or [42, 4.3].
(14) Suppose S is locally compact and E is a Lawson semilattice. Then E, being a
closed subset of S, is a locally compact Lawson semilattice and by Theorem 1.5, d(Ê )
w(E). Since sh(X) d(X) and πw(X)= d(X) ·πχ(X) for every topological space X, we
may apply the preceding items to conclude that w(S) l(S) ·χ(S) ·∆(E) · sh(Ê ) l(S) ·
χ(S) ·w(E)  w(S) and πw(S)  d(S) · χ(S) = sup{ψ(E), d(Ê ), d(He),πχ(He): e ∈
E} sup{w(E),πw(He): e ∈E}.
(15) Suppose the projection π :S → E is a closed map. Then t (S) = sup{t (E),
t (π−1(e)): e ∈E} = sup{t (E), t (He): e ∈E} according to [12, 3.12.8(d)].
(16) To prove that c<ω(S) τ where τ = sup{nw(E),χ(e, S), ib(He): e ∈ E}, fix any
n 2 and a collection U of nonempty open sets in S of size |U |> τ . We have to find an
n-linked subcollection V ⊂ U of size |V|> τ . Let N be a network of the topology of E
with |N | = nw(E)  τ . For each U ∈ U fix a point x(U) ∈ U and find a neighborhood
W(U) ⊂ S of the idempotent π(x(U)) such that x(U) ·W(U) ⊂ U . Let A(U) ∈ N be
such that π(x(U)) ∈ A(U) ⊂W(U). Since |U | > τ  |N |, there are an element A ∈ N
and a subcollection U1 ⊂ U such that |U1| > τ and A(U) = A for all U ∈ U1. Taking
into account that l(A)  nw(E)  τ < |U1|, find an idempotent e ∈ A such that for any
neighborhood W of e in E the set {U ∈ U1: π(x(U)) ∈ W } has size > τ . Let B(e) be
a base of neighborhoods of e in S with |B(e)| = χ(e,S) < |U1|. It follows that there are
an element B ⊂ B(e) and a subcollection U2 ⊂ U1 such that B ⊂W(U) for all U ∈ U2.
Fix open neighborhoods O1,O2 ⊂ S of e such that O−11 On+11 ⊂ B and O2 · O2 ⊂ O1.
Taking into account that ib(He)  τ , find a subset F ⊂ He such that |F |  ib(He) and
He = F ·O2.
Since the map π :S → E is parallel, there is a neighborhood W ⊂ E of e such that
π−1(W ∩ ↓e) ⊂ He ·O2 ⊂ F ·O2 ·O2 ⊂ F ·O1. Let W1 ⊂ E be another neighborhood
of e such that eW1 ⊂ W and let U3 = {U ∈ U2: π(x(U)) ∈ W1}. By the choice of the
point e, we get |U3| > τ . For each U ∈ U3 consider the point y(U) = e · x(U) and note
that π(y(U)) = e · π(x(U)) ⊂ eW1 ⊂ W ∩ ↓e. It follows that y(U) ∈ F · O1 and thus
y(U) ∈ f (U) ·O1 for some point f (U) ∈ F . Since |U3|> |F |, there is a point f ∈ F such
that the subcollection V = {U ∈ U3: f (U)= f } has size > τ .
We claim that the collection V is n-linked. To show this, fix any elements U1, . . . ,
Un ∈ V . For every i ∈ {1, . . . , n}, find a point zi ∈ O1 such that y(Ui) = f · zi . Now
consider the product z = ez1 · · ·zn ∈ S and observe that for every i  n we have
f z = f ziz−1i z = y(Ui)z−1i z = x(Ui)ez−1i z = x(Ui)z−1i ez = x(Ui)z−1i ez1 · · ·zn ∈ x(Ui) ·
O−11 O
n+1
1 ⊂ x(Ui) · B ⊂ x(Ui) ·W(Ui) ⊂ Ui . Therefore the intersection U1 ∩ · · · ∩ Un
contains the point f z and is not empty, i.e., the collection V is n-linked.
(17) Let S be a narrow topological inverse Clifford semigroup and E be the maximal
semilattice of S. It follows from Proposition 2.2 that all maximal groups of S are totally
bounded. For any idempotent e ∈ E let µe be a finitely additive function defined on the
collection of open subsets of the maximal group He as follows. The group He, being
totally bounded, is a dense subgroup of a compact group He which admits a Haar measure
µ¯e (that is a probability invariant regular Borel measure). Now given an open subset
U ⊂ He let µe(U) = µ¯e(U˜) where U˜ = He \ (He \U) is the maximal open subset
of He such that U˜ ∩ He = U . It is easy to see that µe(He) = 1, µe(U) > 0 for any
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i=1µe(Ui) for any collection {U1, . . . ,Un} of pairwise disjoint open
subsets of He.
Lemma 2.4. For every point x ∈ S and every neighborhood U of x in S there exist N ∈N
and a neighborhoodW ⊂E of the idempotent π(x) such thatµe(U ∩He) 1/N for every
e ∈W ∩ (↓π(x)).
Proof. Without loss of generality, ↓π(x) = E, i.e., π(x) is the greatest element of the
semilattice E. In this case, x−1 ·U is an open neighborhood of the idempotent π(x) in S.
By the continuity of the semigroup operation, there is an open neighborhood V ⊂ x−1 ·U
of the idempotent π(x) such that x · V · V ⊂ U and V = V−1. Since S is narrow, there
exist a number N ∈ N and a neighborhood W ⊂ V of π(x) in E such that |A|  N for
every e ∈W ∩ ↓π(x) and every V -separated set A⊂He.
To verify that the number N and the neighborhood W satisfy our requirements,
fix e ∈ W ∩ ↓π(x) and let A ⊂ He be a maximal V -separated subset in He. By the
maximality of A, we have He =⋃a∈A a · (V ∩He). Let us show that µe(V 2 ∩He) 1N .
It follows that He = A · O , where O = V ∩ He. Observe that He = A · O · O˜ , where
O˜ = He \ He \O . Indeed, given any element g ∈ He, by the density of He in He, find
points h ∈ (g · O˜−1)∩He and then a ∈A such that h ∈ a ·O . Then g ∈ h · O˜ ⊂ a ·O · O˜ .
Therefore, He = A · O · O˜ and 1 = µ¯e(He)  |A| µ¯e(O · O˜). Since O · O˜ is an open
set in He with (O · O˜) ∩ He = O · O , we get µe(O · O)  µ¯e(O · O˜) and hence
µe(V
2 ∩He)µe(O ·O) µ¯e(O · O˜) 1|A|  1N .
Since xe (V 2 ∩ He) = x (V 2 ∩ He) ⊂ U ∩ He, we get µe(U ∩ He)  µe(xe · (V 2 ∩
He))= µe(V 2 ∩He) 1N . ✷
We shall also need the subsequent statement which is probably known (at least some its
particular cases, see [9, Theorem 7.2]).
Lemma 2.5. Suppose U is a collection of nonempty open sets of a topological space X
such that |U |> c(X). Then for every n ∈N there is a subcollection V ⊂ U of size |V|> n
with
⋂V = ∅.
Proof. The proof will be done by induction on n. For n = 1 the statement follows from
the definition of the cardinal c(X). Suppose the lemma is proven for every n  k. Fix
any collection U of nonempty open sets in X with |U | > c(X). Let τ = |U | and write
U =⋃i∈τ Ui as the union of τ pairwise disjoint subcollections of U such that |Ui |> c(X)
for every i ∈ τ . By the inductive hypothesis, each collection Ui contains a subcollection
Vi ⊂ Ui with |Vi | = k and Vi =⋂Vi = ∅. Then V = {Vi}i∈τ is a collection of nonempty
open subsets in X of size |V| = τ . Since τ > c(X), there are two distinct indices i, j ∈ τ
such that Vi ∩Vj = ∅. ThenW = Vi ∪Vj is a subcollection of U of size |W| 2k > k+ 1
with
⋂W = Vi ∩ Vj = ∅. Thus we complete the inductive step. ✷
Now we are able to complete the proof of Theorem 2.3(17). The inequality c(Ê ) 
nw(E) is proven in Proposition 1.2. To prove the inequality c(S) c(Ê ), fix any collection
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U of nonempty open subsets in S such that |U | > c(Ê ). To every set U ∈ U assign
a point x(U) ∈ U . By Lemma 2.4, for every U ∈ U we can find N(U) ∈ N and a
neighborhood W(U) of the idempotent π(x(U)) in E such that µe(U ∩He)  1N(U) for
every e ∈W(U) ∩ ↓π(x(U)). Since |U | > c(Ê ), there is n ∈ N such that the collection
Un = {U ∈ U : N(U) < n} has size |Un|> c(Ê ). ThenW = {W(U)∩↓π(x(U)): U ∈ Un}
is a collection of nonempty open sets in Ê such that |W| = |Un|> c(Ê ). By Lemma 2.5,
there is a subcollection V ⊂ Un of size |V|> n such that the intersection⋂
U∈V
W(U) ∩ ↓π(x(U))
contains some point e ∈ E. Since |V|> n and µe(U ∩He) 1N(U) > 1n for every U ∈ V ,
the sets U ∩He, U ∈ V , cannot be pairwise disjoint, i.e., there are two sets U1,U2 ∈ V ⊂ U
with ∅ =U1 ∩U2 ∩He ⊂U1 ∩U2. This just yields the inequality c(S) c(Ê ).
As we said the inequalities c(X)  c2(X)  c∗(X) hold for any topological space. To
prove that c∗(S) nw(E) letN be a network of the topology of E such that |N | = nw(E).
For any A ∈N and n ∈N let
TA,n =
{
U ⊂ T ∗(S): ∃x ∈A such that µe(U ∩He) > 1/n for any e ∈An ∩↓x
}
.
By Lemma 2.4, T ∗(S)=⋃(A,n)∈N×N TA,n. It rests to verify that the family TA,n contains
at most n − 1 pairwise disjoint open sets. Let U1, . . . ,Un be any elements of TA,n. For
every i ∈ {1, . . . , n} find a point ai ∈A such that µe(Ui ∩He) > 1/n for any e ∈An ∩↓ai .
Consider the idempotent e = a1 · · ·an ∈ An. Then µe(Ui ∩ He) > 1/n for all i . By the
finite additivity of µe, there are two indices i = j with Ui ∩Uj = ∅. ✷
Remark 2.6. Theorem 2.3(9),(16),(17) implies that each compact topological inverse
Clifford semigroup S with metrizable maximal semilattice E satisfies the properties (∗)
and (Kn) for n 2. Moreover, if the semilattice E is Lawson, then S satisfies the property
(∗∗) and thus supports a strictly positive measure. In this situation one may suggest that
each compact inverse Clifford semigroup with metrizable maximal semilattice supports a
strictly positive measure. Surprisingly, it is not so (at least under Continuum Hypothesis):
in Section 4 under CH we shall construct an unseparable compact topological inverse
commutative semigroup S with metrizable maximal semilattice such that every measure
on S has metrizable support and thus S admits no strictly positive measure (see also
Remark 3.14).
Now using Theorem 2.3, we establish some relationships between the cardinal invari-
ants of topological inverse Clifford semigroups. For a topological group G its cardinal
invariants relate as follows: w(G) = πw(G) = ib(G) · χ(G), ib(G)  min{c(G), l(G)},
nw(G)  k(G) · ψ(G), c(G)  k(G) · ℵ0, χ(G) = πχ(G), and c2(G)  k(G), see [3]
or [42, §4]. Moreover, for a compact topological group G we have the equalities
ℵ0 = c∗∗(G) = sh(G)  d(G)  χ(G) = πχ(G) = ψ(G) = ∆(G) = t (G) = hc(G) =
hd(G) = hl(G) = ρ(G)= nw(G)= πw(G) = w(G), the majority of which hold for any
dyadic compactum, see [12, 3.12.12].
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The situation with cardinal invariants of topological inverse Clifford semigroups is more
complex. We remind that map f :X → Y between topological space is perfect if f is
closed and the preimage f−1(y) of each point y ∈ Y is compact, see [12, §3.7].
Theorem 2.7. Let S be a locally compact topological inverse Clifford semigroups such that
the projection π :S→E is a perfect map. Then
(1) c(S)  c<ω(S)  w(E) · χ(S)  w(E)  c∗(S)  c2(S)  c(S)  sh(S)  d(S) 
πw(S)  w(S) = l(S) · ∆(S) = hl(S) · ∆(E)  hd(S) · χ(E)  hc(S) · χ(E) 
t (S) · χ(E)=ψ(S)= χ(S) ρ(S) · χ(E) l(S) · χ(S);
(2) w(E)  c∗∗(S) · sh(S)  c(S)  d(S)  πw(S)  w(S) = hl(S) · ∆(E) = hd(S) ·
l(S) ·w(E) = hc(S) · l(S) ·w(E)= ρ(S) · l(S) ·w(E)= t (S) · l(S) ·w(E)= ψ(S) ·
l(S) ·w(E)= χ(S) · l(S) ·w(E) if the maximal semilattice E of S is Lawson;
(3) under (MA + ¬CH) ℵ0 = c(S) = c∗(S) = c<ω(S) = sh(S)  c∗∗(S)  d(S) 
πw(S)  w(S) = hl(S) = hd(S) · l(S) = hc(S) · l(S) = ρ(S) · l(S) = t (S) · l(S) =
ψ(S) · l(S)= χ(S) · l(S) if the maximal semilattice E of S is metrizable and separable.
Proof. Since the projection π is perfect, the maximal groups of S are compact and the
semigroup is narrow according to Propositions 2.1 and 2.2.
(1) The inequalities w(E)  c∗(S)  c2(S)  c(S)  c<ω(S)  w(E) · χ(S) follow
from Theorem 2.3(16),(17), the equality w(S)= hl(S) ·∆(E) from Theorem 2.3(10) while
the inequalities c(X) sh(X)  d(X) πw(X)  w(X) hold for any topological space,
see [12, 3.3.4].
Next, we shall verify the relations χ(S) = ψ(S) = t (S) · χ(E)  hc(S) · χ(E) 
hd(S) · χ(E)  hl(S) · ∆(E) = w(S), the first of which is true for any locally compact
space.
To prove the next two relations we shall apply the equalities t (H) = χ(H) =
hc(H) = ρ(H) holding for any compact topological group H , see [3,42]. According to
Theorem 2.3(13),(15), we get χ(S)  χ(E) · t (S)  sup{χ(E), t (E), t (He): e ∈ E} =
sup{χ(E),χ(He): e ∈E} = χ(S) and thus the second equality is also true.
Next, observe that χ(S) = sup{χ(E),χ(He): e ∈ E} = sup{χ(E),hc(He): e ∈ E} 
χ(E) · hc(S) χ(E) · hd(S)w(S)= hl(S) ·∆(E).
It follows from [40] that ρ(Y )  ρ(X)  k(X) · ψ(X) for any compact subspace
Y of a Tychonov topological space X. Then χ(S) = sup{χ(E),χ(He): e ∈ E} =
sup{χ(E),ρ(He): e ∈E} χ(E) · ρ(S) χ(E) · k(S) ·ψ(S)= l(S) · χ(S).
(2) Suppose that the maximal semilattice E of S is Lawson. By Theorem 1.5(1) we get
sh(Ê )  d(Ê )  w(E). Each compact topological group, being dyadic, has countable
Shanin number, see [12, 2.7.11]. Applying Theorem 2.3(6),(9),(14), we get sh(S) 
sup{sh(Ê ), sh(He): e ∈ E}  w(E), c∗∗(S)  sup{d(Ê), c∗∗(He): e ∈ E}  w(E), and
w(S)= l(S) · χ(S) ·w(E). The other equalities follows from the first item.
(3) If (MA + ¬CH) holds and the maximal semilattice E of S is metrizable and
separable, then by Theorem 1.4, sh(Ê ) = c(Ê ) = w(E) = ℵ0 and by Theorem 2.3(2)–
(5),(13), ℵ0 = c∗(S) = c<ω(S) = sh(S) and w(S)  l(S) · χ(S) · ∆(E) · sh(Ê ) = l(S) ·
χ(S)w(S). All the other relations follow from the preceding items. ✷
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Corollary 2.8. Let S be a compact topological inverse Clifford semigroups whose maximal
semilattice E is metrizable. Then
(1) ℵ0 = c(S) = c2(S) = c∗(S)  sh(S)  d(S)  πw(S)  w(S) = ∆(S) = hl(S) 
hd(S) hc(S) t (S)=ψ(S)= χ(S)= ρ(S) c<ω(S) c(S);
(2) ℵ0 = c(S) = sh(S) = c2(S) = c∗(S)  c∗∗(S)  d(S)  πw(S)  w(S) = χ(S) =
ψ(S) = t (S) = ρ(S) = hc(S) = hd(S) = hl(S)  c<ω(S)  c(S) if (MA + ¬CH)
holds or the maximal semilattice E of S is Lawson.
Remark 2.9. Let us note that some of the above inequalities can be strict. Theorem 4.1
gives CH-examples of compact semigroups S and S˜ such that c(S) < sh(S)  c∗∗(S),
χ(S) < hc(S) and πw(S˜) < w(S˜). There is also a simple example of a compact topological
inverse commutative semigroup S with πχ(S) < χ(S).
For every n ∈ ω consider the projection pr : 2ω → 2n of the Cantor cube onto the first n
coordinates. This projection generates an embedding en :Z2n2 → Z2
ω
2 , en :f  → f ◦ prn.
Identify the finite group Z2n2 with its image en(Z
2n
2 ) in Z
2ω
2 . Let [0,1] × Z2
ω
2 be the
product of the interval [0,1] (considered as a semilattice endowed with the min operation)





2 . It is easy to see that ℵ0 = πχ(S)= πw(S)= d(S) < χ(S)=w(S)= c.
Note also that the maximal semilattice of S is countable and linearly ordered, and thus it is
a Lawson semilattice.
3. Metrizability of topological inverse Clifford semigroups
In this section we search for conditions on a topological inverse Clifford semigroup
guaranteeing its metrizability.
Following [17, 3.5] and [34], we define a regular topological space X to be an M-space
if there is a sequence (Un)n∈ω of open covers of X such that (1) for each n, Un+1 star
refines Un and (2) if xn ∈ St (x,Un) for each n ∈ ω, then the sequence (xn) has a cluster
point in X. As usual, St (x,U)=⋃{U ∈ U : x ∈ U} for a point x ∈X and a cover U of X.
According to [17, 3.8], an M-space X is metrizable if and only if ∆(X) ℵ0. The class
of M-spaces includes all metrizable spaces, all paracompact locally compact spaces and
all countably compact spaces. Moreover, a paracompact space X is an M-space if and only
if there is a perfect map of X onto a metrizable space if and only if X is homeomorphic to
a closed subspace of the product of a metric space and a compact space, see [17, §3].
Theorem 3.1. A regular topological inverse Clifford semigroup S is metrizable if and only
if S is an M-space and the maximal semilattice E of S is a metrizable Gδ-set in S.
Proof. The “only if” part is trivial. To prove the “if” part, suppose that S is an M-space
and E is a metrizableGδ-set in S. Then by Theorem 2.3(10),∆(S)∆(E) ·ψ(E,S) ℵ0
and by [17, 3.8], the M-space S is metrizable. ✷
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Theorem 3.1 implies that a paracompact locally compact topological inverse Clifford
semigroup S is metrizable if and only if the maximal semilattice E of S is a metrizable Gδ-
subset of S. In fact, this corollary can be generalized to the class of weakly paracompact
locally compact topological inverse Clifford semigroups.
We recall that a space X is defined to be weakly paracompact if for every open cover U
of X there is a point-finite open cover V of X, inscribed into the cover U , see [12, §5.3].
The “compact” version of the following theorem was first discovered by B.M. Bokalo
(unpublished), see also Corollary 1 of [5].
Theorem 3.2. A weakly paracompact locally compact topological inverse Clifford
semigroup S is metrizable if and only if the maximal semilattice E of S is a metrizable
Gδ-set in S.
Proof. Suppose that E is a metrizable Gδ-set of a weakly paracompact locally compact
topological inverse Clifford semigroup S. By Theorem 2.3(10),∆(S)∆(E) ·ψ(E,S)
ℵ0. The space S, being a locally compact space with countable diagonal number ∆(S),
is locally metrizable, see [2, II.§1]. Hence, S is a weakly paracompact locally separable
space. By [12, 5.3.A], the space S is paracompact, and by [12, 5.4.A], S, being paracompact
and locally metrizable, is metrizable. ✷
A subset F of a topological space X is defined to be Hušek small if for any uncountable
subset A ⊂ X \ F there is an open neighborhood U ⊂ X of F such that the set A \ U is
uncountable. It is clear that each Gδ-subset A of a topological space X in Hušek small. Of
course, the converse is not true (just consider the one-point set {ω2} in the space [0,ω2]
of ordinals). Nonetheless, it is still not known if a compact space X with Hušek small
diagonal is metrizable, see [25], [39, 10.12]. This problem has a positive answer under
(CH), see [26].
Proposition 3.3. A compact topological inverse Clifford semigroup S is metrizable if and
only if the maximal semilattice E of S is a metrizable Hušek small subset of S with
ψ(E,S) ℵ1.
Proof. Suppose that E is a Hušek small subset of S with ψ(E,S)  ℵ1. According to
Theorem 3.2, it suffices to prove that ψ(E,S)  ℵ0. Assuming the converse, we would
find a transfinite sequence {Uα: α < ω1} of open subsets of S such that ⋂α<ω1 Uα = E
and the set
⋂
β<α Uβ \ E is uncountable for each countable ordinal α. By transfinite
induction, for every countable ordinal α fix a point xα ∈⋂β<α Uβ \ (E ∪ {xβ : β < α}).
Then X = {xα: α < ω1} is an uncountable subset of S \ E. Since the set E is Hušek
small in S, there is a neighborhood U ⊂ S of E such that X \ U is uncountable. Since⋂
α<ω1
Uα = E ⊂ U , we can apply [12, 3.1.5] to find a countable ordinal β such that⋂
α<β
Uα ⊂U . Then X \U ⊂ {xα: α < β} is countable which is a contradiction. ✷
Next, we show that under Martin Axiom the condition ψ(E,S)  ℵ1 can be removed
from the previous Proposition. We do not know however if this can be done in ZFC.
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Proposition 3.4. Under (MA) a compact topological inverse Clifford semigroup S is
metrizable if and only the maximal semilattice E of S is a metrizable Hušek small subset
of S.
Proof. First we show that each maximal group He, e ∈ E, of S is metrizable. Assuming
that it is not so, we would find an idempotent e ∈ E for which the group He is not
metrizable. The groupHe, being compact, is a dyadic space according to the classical result
of Ivanovskiı˘ and Kuz’minov. By [12, 3.12.12(i)], each non-metrizable dyadic compact
space contains a topological copy of the one-point compactification αD of a discrete
uncountable space D. Consequently, the compact group He, being non-metrizable and
dyadic, contains a copy of αD. Shifting the set αD in He, we can assume that the non-
isolated point of αD coincides with e. Then D is an uncountable subset of S \E but D \U
is finite for any neighborhood U ⊂ S of E. This means that the set E is not Hušek small
in S. This contradiction shows that all maximal groups of S are metrizable and thus have
size  c. Then |S| = |⋃e∈E He| |E| · c= c and ψ(E,S) c.
If CH holds, then we can apply Proposition 3.3 to conclude that the space S is
metrizable. Under (MA + ¬CH) the metrizability of S follows from the subsequent
theorem. ✷
Theorem 3.5. Assume (MA+¬CH). A regular topological inverse Clifford semigroup S
is metrizable provided S is an M-space, the maximal semilattice E of S is metrizable,
separable and lower locally compact, and all maximal groups He, e ∈ E, of S are
metrizable and separable.
Proof. By Theorem 1.4, sh(Ê ) = ℵ0 and by Theorem 2.3(12) and the metrizability of
the maximal groups of S, we get ψ(E,S)  sup{sh(Ê ),hl(He): e ∈ E}  ℵ0. Now
Theorem 3.1 finishes the proof. ✷
This theorem, Proposition 3.4 and Corollary 2.8 imply the following Metrization
Criterion confirming the Bokalo Conjecture under (MA+¬CH).
Theorem 3.6. Under (MA+¬CH) for a compact topological inverse Clifford semigroup
S with metrizable maximal semilattice E the following conditions are equivalent:
(1) S is metrizable;
(2) E is a Gδ-set in S;
(3) E is Hušek small in S;
(4) all maximal groups of S are metrizable;
(5) S is first countable;
(6) S has countable tightness;
(7) S has countable spread;
(8) S is hereditarily Lindelöf ;
(9) S is hereditarily separable;
(10) S admits no surjective continuous map onto the Tychonov cube [0,1]ω1 .
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The examples constructed in the next section show that Corollary 3.6 cannot be proven
in ZFC. Nonetheless in ZFC, we have two partial positive results generalizing Theorem 2
of [20] in two different directions. The first result follows immediately from Theorem 3.1,
Theorem 2.3(11) and Theorem 1.5.
Theorem 3.7. A topological inverse Clifford semigroup S is metrizable provided S is an
M-space, the maximal semilattice E of S is a separable metrizable locally lower compact
Lawson semilattice and all maximal groups He, e ∈ E, of S have countable pseudo-
character.
As a particular case of this theorem we get
Corollary 3.8. A Lindelöf locally compact topological inverse Clifford semigroup S is
metrizable, provided the maximal semilattice E of S is a metrizable Lawson semilattice
and all maximal groups He, e ∈E, are metrizable.
Since each zero-dimensional compact topological semilattice is Lawson (see [23,
Theorem II.1.5]), the preceding corollary implies that for zero-dimensional semigroups
the Bokalo Conjecture is true.
Corollary 3.9. A zero-dimensional compact topological inverse Clifford semigroup S
is metrizable if and only if the maximal semilattice and all maximal groups of S are
metrizable.
Another our result concerns countably compact topological inverse Clifford semi-
groups. We remind that a topological space X is countably compact if each countable
open cover of X has a finite subcover, see [12, §3.10].
Theorem 3.10. A regular countably compact topological inverse Clifford semigroup is
metrizable, provided the maximal semilattice E is metrizable and all maximal groups of S
are Lie groups.
For the proof of this theorem we will need a structural
Lemma 3.11. Suppose S is a topological inverse Clifford semigroup such that the maximal
semilattice E of S is complete-metrizable, while all maximal groups He, e ∈ E, are
compact Lie groups. For two idempotents a  b of S denote by hba :Hb → Ha the group
homomorphism defined by hba(x)= ax for x ∈Hb.
(1) Every idempotent a ∈ E has a neighborhood W ⊂ E such that the homomorphism
hab :Ha →Hb is injective for every b ∈W ∩ (↓a).
(2) For point a ∈ E and a neighborhood U ⊂ E of a there exist a point b ∈ U ∩ (↓a)
and a neighborhoodW ⊂U of b such that for every c ∈W ∩ (↓b) the homomorphism
hbc :Hb→Hc is bijective.
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Proof. (1) Fix any idempotent a ∈ E. Since Ha is a Lie group, the unity a of Ha has an
open neighborhood U ⊂ Ha containing no nontrivial subgroup of Ha , see, e.g., [28] or
[33]. Using the compactness of Ha \ U and the inclusion a · (Ha \ U) ⊂ S \ E, find a
neighborhood W ⊂ E of a such that W · (Ha \ U)⊂ S \E. To show that W satisfies our
requirements, fix any idempotent b ∈W ∩ (↓a) and let G= (hab)−1(b)⊂ Ha . Clearly, G
is a subgroup of Ha with G⊂U . By the choice of U , the group G is trivial, which implies
that the homomorphism hab :Ha →Hb is injective.
(2) Fix any complete metric ρ on E and denote by O(x, r)= {e ∈ E: ρ(x, e) < r} the
open r-ball around x in E.
Claim A. Suppose a ∈ E and U ⊂ E is a neighborhood of a. Then there exist a point
b ∈ U ∩ (↓a), and a neighborhood W ⊂ U of b such that dim(Hc)  dim(Hb) for every
c ∈W ∩ (↓b).
Assume the converse: for every point b ∈ U and every neighborhoodW ⊂U of b there
is c ∈W ∩ (↓b) with dim(Hc) > dim(Hb).
Let b0 = a. Using Lemma 3.11(1), pick up an open neighborhood U0 ⊂ U0 ⊂ U ∩
O(b0,1) of b0 such that the homomorphism hb0b :Hb0 → Hb is injective for every b ∈U0 ∩ (↓b0). Using Lemma 3.11(1) and our hypothesis, construct inductively a sequence
(bn)
∞
n=1 of points of E and a sequence (Un)
∞
n=1 of open sets in E satisfying for every
n ∈N the following conditions:
(3) bn  bn−1;
(4) dim(Hbn) > dim(Hbn−1);
(5) bn ∈ Un ⊂Un−1 ∩O(bn,2−n);
(6) the homomorphism hbnb :Hbn →Hb is injective for every b ∈ Un ∩ (↓bn).
By (5), the sequence (bn) is Cauchy and thus converges to a point b ∈ E. It follows
from (3) and (5) that b  bn and b ∈ Un ⊂ U for every n. By (6), dim(Hbn) dim(Hb) <
∞, a contradiction with (4). Thus Claim A is proven.
For a Lie group G denote by G◦ the connected component of the unity of the group G.
Observe that for compact Lie groups H ⊂ G with dim(H)= dim(G) we have H ◦ =G◦
and thus |H/H ◦| |G/G◦|<∞.
Claim B. Suppose a ∈ E and U ⊂ E is a neighborhood of a. Then there exist a point
b ∈ U ∩ (↓a), and a neighborhood W ⊂ U of b such that dim(Hc) = dim(Hb) and
|Hc/H ◦c | |Hb/H ◦b | for every c ∈W ∩ (↓b).
Assume the converse: for every point b ∈ U and every neighborhoodW ⊂U of b there
is c ∈W ∩ (↓b) such that either dim(Hc) = dim(Hb) or else |Hc/H ◦c |> |Hb/H ◦b |.
By Claim A, there is a point b0 ∈ U ∩ (↓a), and a neighborhood O ⊂ U of b0 such
that dim(Hc)  dim(Hb0) for every c ∈ O ∩ (↓b0). By Lemma 3.11(1), the point b0 has
a neighborhood U0 ⊂ E such that U0 ⊂ U0 ⊂O and the homomorphism hb0c :Hb0 → Hc
is injective for every c ∈ U0 ∩ (↓b0). By the choice of the sets O and U0, dim(Hc) =
dim(Hb0) for every c ∈ U0 ∩ (↓b0). Then our hypothesis implies that |Hc/H ◦c |> |Hb/H ◦b |
for every c ∈ U0 ∩ (↓b).
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Using Claim A, Lemma 3.11(1) and our hypothesis, construct inductively a sequence
(bn)
∞
n=1 of points of E and a sequence (Un)∞n=1 of open sets in E satisfying for every n ∈N
the following conditions:
(7) bn  bn−1;
(8) |Hbn/H ◦bn |> |Hbn−1/H ◦bn−1|;
(9) bn ∈ Un ⊂Un−1 ∩O(bn,2−n);
(10) for every b ∈ Un ∩ (↓bn) the homomorphism hbnb :Hbn → Hb is injective and
dim(Hb) dim(Hbn).
By (9), the sequence (bn) is Cauchy and thus converges to a point b ∈ E. It follows
from (7) and (9) that b  bn and b ∈ Un ⊂ U for every n. By (10), for every n ∈ N
the homomorphism hbnb :Hbn → Hb is injective and dim(Hb) dim(Hbn). It follows that
dim(Hb)= dim(Hbn) and thus |Hbn/H ◦bn| |Hb/H ◦b |<∞, a contradiction with (8). Thus
Claim B is proven.
Now we are able to prove the second statement of the lemma. Suppose a ∈ E and
U is a neighborhood of a in E. By Claim B, there is a point b ∈ U ∩ (↓a), and a
neighborhood V ⊂ U of b such that dim(Hc) = dim(Hb) and |Hc/H ◦c |  |Hb/H ◦b | for
every c ∈ V ∩ (↓b). By Lemma 3.11(1), the point b has a neighborhood W ⊂ V such
that the homomorphism hbc :Hb → Hc is injective for every c ∈W ∩ (↓b). Since Hb , Hc
are compact Lie groups, the injectivity of hbc and the relations dim(Hc) = dim(Hb) and
|Hc/H ◦c | |Hb/H ◦b | imply that hbc is a group isomorphism. ✷
Proof of Theorem 3.10. To prove the theorem it suffices to verify that the space S is hered-
itarily Lindelöf (then S, being Lindelöf and countably compact, is compact, S \ E, being
Lindelöf and locally compact, is σ -compact; hence E is a Gδ-set in S and S is metrizable
according to Theorem 3.1). Note that the maximal semilattice E and all maximal groups
He, e ∈E, being metrizable and countably compact, are compact, see [12, 5.3.2].
According to a result of Kuratowski and Sierpin´ski [12, 3.12.7(d)], a regular space X
is hereditarily Lindelöf if and only if each uncountable subset A⊂ X has a condensation
point in A, that is a point a ∈ A such that U ∩ A is uncountable for every neighborhood
U ⊂X of a.
So, fix an uncountable set A ⊂ S. If π(A) is countable, then one of the sets A ∩ He,
e ∈ π(A), is uncountable. Since the Lie group He, being separable and metrizable, is
hereditarily Lindelöf, the set A∩He has a condensation point a ∈A∩He, according to the
mentioned theorem of Kuratowski and Sierpin´ski.
Hence we may assume that the projection π(A) is uncountable. In this case, we can also
assume that the restriction map π |A :A→E is injective.
Fix any admissible metric ρ on E. By Lemma 3.11(1), for every point a ∈ A there
exists ε(π(a)) > 0 such that the homomorphism hπ(a)b :Hπ(a)→Hb is injective for every
idempotent b  π(a) with ρ(b,π(a)) < ε(π(a)).
Since the set A is uncountable, one of the sets Am = {a ∈ A: ε(π(a)) > 1/m} is
uncountable. Since the semilatticeE, being compact and metrizable, is hereditary Lindelöf,
the uncountable set π(Am) contains a condensation point c ∈ π(Am). By Lemma 3.11(2),
there exists an idempotent b ∈O(c,1/(2m)) and a neighborhood W ⊂O(c,1/(2m)) of b
such that the homomorphism hbx :Hb→Hx is bijective for every x ∈W ∩ (↓b).
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Pick an open neighborhood V ⊂ O(c,1/(2m)) of the point c such that b · V ⊂ W .
Observe that the map φ :Hb×V → S×V defined by φ(x, e)= (ex, e) for (x, e) ∈Hb×V
is injective and continuous. Indeed, if (x, e) = (x ′, e) are points ofHb×V , then hbbe :Hb→
Heb is an isomorphism and thus ex = hbbe(x) = hbbe(x ′)= ex ′.
Since Hb × V is a compact space, the map φ is an embedding. Now consider the
map ψ :π−1(V )→ S × V defined by ψ(x) = (bx,π(x)) for x ∈ π−1(V ). We claim that
ψ(π−1(V )) ⊂ φ(Hb × V ). Indeed, fix any e ∈ V and x ∈ He = π−1(e) ⊂ π−1(V ). By
the choice of the set V , eb ∈W . Then bx ∈Hbe = hbbe(Hb) and hence, bx = bey = ey for
some y ∈Hb.
Finally consider the map φ−1 ◦ψ :π−1(V )→Hb×V . LetA′ = π−1(V )∩Am. Clearly,
the set A′ is uncountable and the restriction φ−1 ◦ψ|A′ is injective. So, φ−1 ◦ψ(A′) is an
uncountable set in Hb × V .
The space Hb × V , being separable and metrizable, is hereditarily Lindelöf. Hence
the uncountable set φ−1 ◦ ψ(A′)⊂Hb × V has a condensation point φ−1 ◦ ψ(a), where
a ∈ A′. We claim that a is a condensation point of the set A. Observe that π(a) ∈
V ∩ Am and thus bπ(a) ∈ bV ⊂ W ⊂ O(c,1/(2m)). Since V ⊂ O(c,1/(2m)), we get
ρ(π(a), bπ(a)) < 1/m. Since ε(π(a)) > 1/m (because a ∈ Am), the homomorphism
h
π(a)
bπ(a) :Hπ(a) → Hbπ(a) is injective. This implies that the restricted map ψ|π−1(π(a))
is injective too and thus
φ−1 ◦ψ(π−1(V ) \ {a})⊂ (Hb × V ) \ (φ−1 ◦ψ(a)). (1)
Fix a countable base B of compact neighborhoods at the point φ−1 ◦ψ(a) ∈Hb×V . Since
φ−1 ◦ψ(a) is a condensation point of the set φ−1 ◦ψ(A′), the intersectionB∩φ−1 ◦ψ(A′)
is uncountable for everyB ∈ B. Observe that B′ = {(φ−1 ◦ψ)−1(B): B ∈ B} is a countable
collection of closed neighborhoods of the point a. Using the relation 1, it can be shown
that
⋂B′ = {a} which (because of the countable compactness of S) implies that B′ is a
neighborhood base at a ∈ S. Since the map φ−1 ◦ψ|A′ is injective, A′ ∩B is uncountable
for every B ∈ B′, i.e., a is a condensation point of the set A′ ⊂A.
Next, we discuss the interplay between topological inverse Clifford semigroups and
some special classes of compacta such as dyadic, polyadic, scadic compacta etc.
We remind that a compact topological space X is defined to be
• scattered if each subspace of X contains an isolated point;
• dyadic if X is a continuous image of the Cantor discontinuum {0,1}τ for some
cardinal τ ;
• polyadic if X is a continuous image of the power (ατ)τ of the Aleksandrov
compactification ατ of some cardinal τ endowed with the discrete topology;
• scadic if X is continuous image of a product of scattered compact spaces;
• hyadic if it is a continuous image of a compact Lawson semilattice;
• supercompact if it has an open subbase S such that every cover of X by members of
S has a subcover consisting of no more than two elements;
• a πχ -space if w({x ∈ X: πχ(x,X) < τ }) < τ for every regular uncountable cardi-
nal τ .
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It is known that each metrizable compact space is dyadic, each dyadic space is scadic
and is a πχ -space, see [39, §7]. (Besides dyadic compacta the class of πχ -spaces contains
all κ-metrizable compacta, all their continuous images (i.e., κ-adic spaces), and all weakly
Noetherian compact spaces, see [39, §7]; a space X is (weakly) Noetherian if it has
a base B such that the set {V ∈ B: U ⊂ V } is finite (countable) for any U ∈ B.) In
contrast, polyadic or scadic compacta need not be πχ -spaces. Nonetheless, χ(X)=w(X)
for each scadic compact space [6]. Thus first-countable scadic compacta are metrizable.
(Besides scadic and πχ -spaces there are some other important classes of compacta for
which the metrizability is equivalent to the first countability. For example, this is true
for the class of g-adic spaces introduced by Tkachenko [41], see also [39, 7.19].) Each
metrizable compactum as well as each compact topological group is supercompact while
supercompact (as well as polyadic) spaces are hyadic, see [11], [39, p. 605].
The metrizability of first-countable compact scadic and πχ -spaces and Theorem 2.3(13)
imply
Theorem 3.12. For a compact topological inverse Clifford semigroup S with metrizable
maximal semilattice E and metrizable maximal groups the following conditions are
equivalent:
(1) S is metrizable;
(2) S is a πχ -space;
(3) S is dyadic;
(4) S is polyadic;
(5) S is scadic.
We do not know however if the supecompactness (or hyadicity) can be added to the
above list.
Next, we investigate interplay between compact topological inverse Clifford semigroups
and compact spaces appearing in functional analysis, see [14,36] or [39, §6].
For a topological space X we denote by B1(X) the subspace of the Tychonoff product
R
X
, consisting of functions of the first Baire class on X.
We recall that a compact topological space K is called
• a Corson compactum if K embeds into the Σ-product Σ(τ) = {(ti)i∈τ ∈ Rτ : |{i ∈
τ : xi = 0}| ℵ0} ⊂Rτ for some τ ;
• a Rosenthal compactum if K embeds into the function space B1(P ) for some Polish
space P ;
• fragmentable if there exists a metric ρ on K such that for every subset S ⊂ K and
every ε > 0 there exists a nonempty relatively open subset U ⊂ S of ρ-diameter less
than ε;
• monolithic if d(Y )= nw(Y ) for every subspace Y ⊂X.
According to [44], every Rosenthal compactum contains a dense metrizable subspace.
The same is true for every fragmentable compactum, see [14, 5.1.12] or [39, 6.2].
Consequently, if a ccc compactum is fragmentable or Rosenthal, then it is separable and
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has the dense set of points with countable character. The class of fragmentable compacta is
quite large: it contains all Eberlein, Talagrand, Gul’ko, and Radon–Nikody`m compacta, see
[14] or [39, §6]. It is known that every Corson compactum is a monolithic space, see [36].
Theorem 3.13. The following conditions are equivalent for every compact topological
inverse Clifford semigroup S with metrizable maximal semilattice E:
(1) S is metrizable;
(2) the maximal semilattice E of S is a Gδ-set in S;
(3) S is a fragmentable monolithic space;
(4) S is a Rosenthal monolithic compactum;
(5) S is a Corson compactum with countable spread;
(6) S is a Rosenthal compactum with countable spread.
Proof. The implications (1)⇒ (i) for 2  i  6 are trivial. The implication (2)⇒ (1)
follows from Theorem 3.5.
Next, assume that the semigroup S is monolithic and is either fragmentable or
Rosenthal. Then each maximal group He, e ∈E, of S is either fragmentable or Rosenthal.
The groups He, being compact, are dyadic ccc-spaces. As we mentioned, every ccc
fragmentable (or Rosenthal) compactum is separable and has a dense set of points with
countable character. Hence S is separable and each maximal group of S is first countable.
By Theorem 2.3(13),(17), the space S is first countable and has countable Souslin number.
Finally, the space S, being a separable first countable monolithic space is metrizable. This
proves the implications (3)⇒ (1) and (4)⇒ (1).
To show (5)⇒ (1) assume that S is a Corson compactum with countable spread. By [2,
3.2.7], the space S is hereditarily Lindelöf. Then E is a Gδ-set in S and by the item (2) of
this theorem, the space S is metrizable.
To prove that (6)⇒ (1) assume that S is a Rosenthal compactum with countable spread.
By Corollary 2.8, S is a ccc compactum. It follows from Theorem 1 of [44] that the
compactum S is separable. Since S has countable spread, we may apply Theorems 3
and 7 of [44] to conclude that every closed subset of S is a Gδ-set in S. In light of
Theorem 3.13(2) this implies the metrizability of S. ✷
Remark 3.14. In fact, [2, 3.2.7] and Theorem 2.3(10) yield more: w(S) = w(E) · hc(S)
for every Corson compact topological inverse Clifford semigroup S (compare with
Theorem 2.7).
Remark 3.15. A topological space X is defined to satisfy the property (M) if every
(regular) Borel measure µ on X has separable support supp(µ), where supp(µ) = {x ∈
X: µ(U) > 0 for every neighborhoodU of x in X}. In [1] Corson compacta with property
(M) were characterized in terms of geometric properties of function spaces. It should
be mentioned that under (MA + ¬CH) every Corson compactum has the property (M),
see [1, p. 215]. It is known that each Rosenthal compactum has the property (M) [18].
Since each fragmentable ccc compactum is separable, we get that every fragmentable
compactum satisfies the property (M), too. Having in mind this information, one may
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suggest that a compact topological inverse Clifford semigroup S is metrizable, provided
the maximal semilattice E of S is metrizable and S is a monolithic compactum with the
property (M). Surprisingly, this conjecture is false as the counterexample constructed under
CH in Section 4 shows.
Finally, we present an example showing that the condition of the weak paracompactness
in Theorem 3.2 as well as the Lindelöf and M-space conditions in Theorems 3.1, 3.5,
3.7, 3.8 are essential. We remind that a topological space X is developable if X admits
a sequence {Un}n∈ω of open covers such that the collection {St (x,Un)}n∈ω forms a
neighborhood base at each point x ∈ X. Regular developable spaces are called Moore
spaces, see [12, p. 494] or [17].
Proposition 3.16. There exists a non-metrizable topological inverse commutative semi-
group S such that
(1) S is a separable zero-dimensional locally compact locally metrizable Moore space;
(2) S contains a closed discrete subspace of cardinality c;
(3) S is neither normal nor weakly paracompact nor an M-space;
(4) the maximal semilattice E of S is a metrizable compact Lawson semilattice, open
in S;
(5) all maximal groups of S are isomorphic to the discrete two-element group Z2;
(6) S admits a continuous bijective semigroup homomorphism S→E ×Z2.
Proof. Let E be any metrizable compact uncountable zero-dimensional Lawson semilat-
tice such that every non-maximal element of E is an isolated point in E (e.g., take E to
be the usual binary tree). Clearly, the product E × Z2 carries the structure of a compact
metrizable topological inverse commutative semigroup. Identifying E × Z2 = E × {0,1}
with the topological sum S = E × {0} ∪ Ê × {1}, we get the required topological inverse
commutative semigroup S (the continuity of the semigroup operation on S follows from
the fact that the topologies of Ê and E coincide at each non-maximal element of E).
Now we verify the properties (1)–(6) of the semigroup S. In fact, the last three properties
follow directly from the construction of S.
(1) By Theorem 1.5, the space Ê is separable and consequently, the semigroup S
is separable too. Fix a base B of open-and-closed sets in E (recall that E is a zero-
dimensional space). Then {(↓x) ∩ B: x ∈ B ∈ B} forms a base of open-and-closed sets
in Ê. Consequently, the spaces Ê and S = E × {0} ∪ Ê × {1} are zero-dimensional and
Tychonoff. Observe that each set (↓x) ∩ B , x ∈ B ∈ B, is a metrizable compact subset of
Ê, containing at most one non-isolated point. This yields that the semigroup S is locally
compact and locally metrizable. To see that S is a Moore space, fix any metric ρ on E and
let Un(x)= {y ∈E: ρ(x, y) < 1/n} be the open 1/n-ball centered at x ∈E. For every n ∈
N consider the open cover Un = {Un(x)×{0}, (Un(x)∩ (↓x))×{1}: x ∈E} of S. It is easy
to see that for each x ∈ S the collection {St (x,Un): n ∈N} forms a neighborhood base at x .
(2) Denote by M the set of all maximal elements of E. It follows that M is a closed
subset of E with |M| = c. By the definition of the cone topology of Ê, M is a closed
discrete subspace in Ê. Consequently e(Ê )= e(S)= c, see Proposition 1.2.
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(3) Since d(S)=ℵ0 and e(S)= c, the space S is not normal, see [12, 2.1.10]. Applying
Theorems 3.1 and 3.2, we conclude that the space S, being locally compact and non-
metrizable, neither is weakly paracompact nor is an M-space. ✷
Remark 3.17. The space Ê is the standard example of a locally compact space possessing
no supercompact compactification, see [31]. This implies that no compactification of the
semigroup S from the previous example is supercompact.
4. Counterexamples
We define a semigroup S to be a Boolean semigroup if S is commutative and xxx =
x for every x ∈ S. It is easy to see that every (topological) Boolean semigroup is a
(topological) inverse Clifford semigroup.
In this section, assuming the existence of an uncountable Lusin set (which follows
from CH) we construct two non-metrizable compact Boolean semigroups whose maximal
semilattices and maximal groups are metrizable, thus providing two counterexamples to
the Bokalo conjecture. These counterexamples are constructed as closed subsemigroups of
the compact Boolean semigroup T ×ZL2 /I × ZL2 , where T is the non-Lawson semilattice
considered in Section 1, I is the closed ideal {(0, x) ∈ T } in T , and L is a Lusin set in the
Cantor cube. Here T × ZL2 is the product-semigroup of the semilattice T and the abelian
group ZL2 .
A subsetL of a spaceX is called a Lusin set in X if L is uncountable but the intersection
L∩C is countable for every nowhere dense subset C of X. As we said in Section 1, under
CH every uncountable Polish space contains a Lusin subset. It is consistent with ZFC that
ℵ1 < c and there exists a Lusin set of cardinality c in each uncountable Polish space. On
the other hand, under (MA+¬CH), Polish spaces contain no Lusin subsets. Below under
the Cantor cube we understand the countable product {0,1}ω. For the definitions of the
properties (∗), (∗∗), (Kn), and (M), see Sections 1, 2 and Remark 3.15.
Theorem 4.1. For every uncountable Lusin subspace L in the Cantor cube the compact
Boolean semigroup T × ZL2 /I × ZL2 contains a closed subsemigroup S such that
(1) the maximal semilattice and all maximal groups of S are metrizable;
(2) S is a first countable unseparable ccc Corson compactum satisfying the properties
(∗), (M), and (Kn) for each n 2;
(3) S fails the property (∗∗) and thus admits no strictly positive measure;
(4) the space S is neither fragmentable nor Rosenthal nor scadic compact;
(5) the maximal semilattice E is not Hušek small in S;
(6) ℵ0 = χ(S)= c(S)= c∗(S)= c<ω(S) < sh(S) c∗∗(S)= d(S)= hc(S)= πw(S)=
w(S)= |L| c.
Moreover, if |L| = ℵ1, then the semigroup S is contained in a closed first countable
separable subsemigroup S˜ ⊂ T ×ZL2 /I ×ZL2 such that
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(7) the maximal semilattice and all maximal groups of S˜ are metrizable;
(8) the space S˜, being separable, admits a strictly positive measure;
(9) ℵ0 = χ(S˜)= πw(S˜)= c(S˜)= c<ω(S˜)= c∗∗(S˜)= sh(S˜)= d(S˜) < hc(S˜)=w(S˜)=
ℵ1;
(10) the space S˜ is neither fragmentable nor monolithic nor Rosenthal nor scadic
compact.
Proof. Let L be a Lusin subset in the Cantor cube. Since the set C ⊂ T \ I considered in
Section 1 is homeomorphic to the Cantor cube, we may identify L with a Lusin subset in
C. By Lemma 1.7, the intersection (↑x) ∩ C is nowhere dense in C for every x ∈ T \ I .
By the property of the Lusin set L, we get (↑x)∩L is countable for every x ∈ T \ I . In the









S = S′/(I ×ZL2 ).
It is easy to verify that S′ is a closed subsemigroup of T × ZL2 while S is a closed
subsemigroup of the quotient semigroup T × ZL2 /I ×ZL2 . Let us show that the semigroup
S satisfies the properties (1)–(7).
(1) The maximal semilattice E of S can be identified with T/I = {I } ∪ T \ I and hence
is metrizable. Next, for an idempotent e ∈E of S the maximal group He is either trivial (if
e = I ∈ T/I ) or is isomorphic to ZL∩(↑e)2 (if e ∈ (T /I) \ {I } = T \ I ). Consequently, all
subsemilattices and all subgroups of S are metrizable.
(2) By Theorem 2.3(13), the space S is first countable. By Corollary 2.8, S is a ccc-
compactum with c∗(S) = c<ω(S) = ℵ0, i.e., S satisfies the properties (∗) and (Kn) for
every n  2. Next, we show that S is Corson compact. The semilattice E = T/I , being
metrizable and separable, admits an embedding i :T/I →Rω into the countable product of
lines. Let f :T →[0,1] be a continuous map such that f−1(0)= I . Let prT :T ×ZL2 → T
and prL :T × ZL2 → ZL2 = {0,1}L ⊂RL be the natural projections. It is easy to verify that
the map h :S→Rω ×Σ(L)⊂Rω ×RL defined by
h(x)=
{(
i ◦ prT (x),0
)
, if x = I ×ZL2 ,(
i ◦ pr(x), (f ◦ prT (x)) · prL(x)), if x ∈ S \ {I ×ZL2 }⊂ (T \ I)× ZL2
is an embedding of S into the Σ-product Σ(L) of lines. Thus S is Corson compact.
To prove the property (M) for the space S, it suffices to verify that every unseparable
subspace A ⊂ S fails the property (∗∗) (see Sections 1, 2). For this we shall show that
c∗∗(A)= d(A) for each unseparable subspace A of S. Assuming the converse, we could
find a nonseparable subspace A⊂ S with c∗∗(A) < d(A).
First we show that the space A can be assumed to have some additional properties.
Observe that the cardinal function c∗∗ is monotone with respect to taking open subspaces.
Replacing the set A by the set A \ {I ×ZL2 }, if necessary, we can assume that I ×ZL2 /∈A
and hence A can be identified with a subspace of T ×ZL2 \I×ZL2 . Let pr[0,∞] :T →[0,∞]
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denote the natural projection (recall that T ⊂ [0,∞] × ∏∞i=1 Si ). For every k ∈ N let
Ak = (pr[0,∞] ◦ prT |A)−1(( 1k ,∞])⊂A, where prT :T ×ZL2 → T is the projection onto the
first factor. Evidently, A=⋃k∈NAk and each set Ak is open in A. Since d(A) > c∗∗(A),
we can find k0 such that d(Ak0) > c∗∗(A)  c∗∗(Ak0). Replacing the set A by Ak0 , if
necessary, we can assume that pr[0,∞] ◦ prT (A)⊂ ( 1k0 ,∞].
Write the family T ∗(A) of all nonempty open subsets of A in the form T ∗(A) =⋃
α∈c∗∗(A) Tα , where for every cardinal α ∈ c∗∗(A) there is a constant βα ∈ N such that
for every sets U1, . . . ,Um ∈ Tα there is an index set I ⊂ {1, . . . ,m} with |I|>m/βα and⋂
i∈I Ui = ∅.
For every H ∈ L let prH :T × ZL2 → Z2 = {0,1} denote the H-coordinate projection.
Observe that the set
L′ = {H ∈ L: pr−1H (1)∩A = ∅}⊂ L
has size |L′|  d(A) (otherwise we would get w(A)  |L′| < d(A)). For each H ∈ L′
consider the nonempty open subset UH = A ∩ pr−1H (1) of A. Since |L′| d(A) > c∗∗(A),
the set L′′ = {H ∈L′: UH ∈ Tα} is uncountable for some α ∈ c∗∗(A).
It follows from Lemma 2.16 of [8] that for ε = 1/k0 and β = βα there exists an m0 ∈N
such that for every mm0 we have
∑
m/β<jm αj < ε, where (αj ) is the sequence used
in the construction of the semilattice T (see Section 1).
Now we return to our uncountable set L′′ ⊂ L. Since L is a Lusin set in C, L′′ is
somewhere dense in C. Recall that the set C coincides with the product {1} ×∏∞i=1Ci ,
where Ci ⊂ Si = {0,1}s(i) is the set of all sequences having exactly one zero entry.
Clearly, |Ci | = s(i). Let pi :C → Ci denote the natural projection. Since the set L′′
is somewhere dense in C, there is an index i ∈ N such that s(i) > max{m0, βα} and
pi(L
′′) = Ci . Let l1, . . . , ls(i) ∈ L′′ be such that pi({l1, . . . , ls(i)}) = Ci . Consider the
collection {UH1, . . . ,UHs(i)} ⊂ Tα of nonempty open sets in A. By the property of the family
Tα , there exists a subset L′′′ ⊂ {H1, . . . , Hs(i)} such that |L′′′| > s(i)/βα and ⋂H∈L′′′ UH
contains some point a ∈ A. Consider the idempotent e = prT (a) ∈ pr−1[0,∞](( 1k0 ,∞])⊂ T .
It is easily seen that e H for every H ∈L′′′.
Write e = (t, (zi)) ∈ T ⊂ [0,∞] ×∏∞i=1 Si . Clearly, the sequence zi ∈ Si = {0,1}s(i)
has at least |L′′′|> s(i)/βα zero entries, i.e., θ(zi) |L′′′|> s(i)/βα . Then












αj < ε = 1
k0
,
a contradiction with t = pr[0,∞](e) ∈ ( 1k0 ,∞]. This contradiction completes the proof.(6) Next, we prove the relations ℵ0 = χ(S) = c(S) = c∗(S) = c<ω(S) < sh(S) 
d(S)= c∗∗(S)= πw(S)= hc(S)=w(S)= |L| c. Actually, the equalities ℵ0 = χ(S)=
c(S) = c∗(S) = c<ω(S) and c∗∗(S) = d(S) were proved in the item 2 or follow from
Theorem 2.3. Clearly, w(S)  w(T × ZL2 )  |L|. To see that hc(S) = |L| let δH =
(H, (δxH )x∈L) ∈ S for every H ∈ L (here δxH = 0 if H = x and δxH = 1 if H = x). Then{δH: H ∈ L} is a discrete subspace of cardinality |L| in S. Thus |L| hc(S)w(S) |L|.
Finally, taking into account that the density of each Corson compactum coincides with its
weight [36], and d(X)  πw(X)  w(X) for every topological space X, we get d(S) =
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πw(S)=w(S)= hc(S)= |L| |S| c. Thus we have proven the relations ℵ0 = χ(S)=
c(S)= c∗(S)= c<ω(S) sh(S) d(S)= c∗∗(S)= πw(S)= hc(S)=w(S) = |L| c. It
rests to show that the inequality c(S) sh(S) is strict. Assuming the converse and applying
the equality χ(S) = ℵ0 and [2, 3.2.17], we would obtain d(S)  sh(S) = c(S) = ℵ0, a
contradiction with d(S)= |L|> ℵ0.
(3) Since each unseparable subspace of S fails (∗∗), the space S, being unseparable,
fails (∗∗) too, and consequently, admits no strictly positive measure.
(4) Since S is not separable, we get that S is a non-metrizable Corson (and thus
monolithic) compactum. Then Theorems 3.12 and 3.13 imply that S neither fragmentable
nor Rosenthal nor scadic compact.
(5) Considering the uncountable discrete subspace D = {δH: H ∈ L} ⊂ S \ E from the
proof of item (6), we can see that D \ U is finite for any neighborhood U ⊂ S of E. This
means that the maximal semilattice E is not Hušek small in S.
II. Now assume that |L| = ℵ1. Consider the closed subsemigroup




in T ×ZL2 . Sincew(S′)w(T ×ZL2 ) |L| = ℵ1, we may apply a result of I.I. Parovichenko
[12, 3.5.H] to find a continuous surjective map f :βN \N→ S′. The space T ×ZL2 , being
a product of metrizable compacta, is an AE(0)-space and hence admits an extension of the
map f to a continuous map f¯ :βN→ T ×ZL2 , see [15, 3.3.10].
Denote by q :T × ZL2 → T × ZL2 /I × ZL2 the quotient map and let S˜ be the closed
semigroup hull of the set q ◦ f¯ (βN) in the compact semigroup T ×ZL2 /I ×ZL2 . We claim
that the semigroup S˜ satisfies the properties (7)–(10). Clearly, the space S˜ is separable and
contains the semigroup S constructed above.
(7) The maximal semilattice E of S˜ coincides with T/I and thus is metrizable. Let
us show that all maximal groups of S˜ are metrizable too. Fix any idempotent e ∈ E. If
e = I ∈ T/I , then the maximal group He of S˜ containing e is trivial. So we assume that
e ∈ (T /I) \ {I } = T \ I . Then the maximal group He of S˜ can be identified with the
intersection of the group {e} × ZL2 and the closed semigroup hull of the set f¯ (βN) in
T ×ZL2 .
Let Ne = f¯ (βN)∩ ((↑e)×ZL2 ). For a subset B ⊂ L let prB :T ×ZL2 → ZB2 denote the
natural projection and let Fe = prL\↑e(Ne)⊂ ZL\↑e2 .
Claim A. |Fe|  ℵ0 and Fe \ U is finite for every neighborhood U of the origin in the
group ZL\↑e2 .
Proof. Observe that Fe = {0} ∪ prL\↑e(f¯ (N)). Consequently, |Fe|  ℵ0. Now fix a
neighborhood U ⊂ ZL\↑e2 of zero in the group ZL\↑e2 . Remark that






is a closed subset in T × ZL2 disjoint with the semigroup S′. Then f¯−1(De) is a closed
subset in βN disjoint with βN \ N. Consequently, the sets f¯−1(De) and Fe \ U ⊂
prL\↑e(f¯ ◦ f¯−1(De)) are finite. ✷
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Claim B. The closed group hull gr(Fe) of the set Fe in the compact group ZL\↑e2 is
metrizable.
Proof. The statement is trivial if the set Fe is finite. So, assume Fe is infinite. By Claim
A, |Fe| ℵ0 and thus we can write Fe = {fn: n ∈N}. Thinking of fn’s as functions from
L \ ↑e into Z2 = {0,1}, we see that the sequence (fn) converges pointwise to zero. Then
L \ ↑e=⋃∞n=1 Ln, where
Ln =
{
H ∈L \ ↑e: fk(H)= 0 for all k  n
}
,
and thus the compact group ZL\↑e2 can be written as the inverse limit lim← Z
Ln
2 . Denote by
pn :Z
L\↑e
2 → ZLn2 , n ∈ N, the limit projections. It follows from the definitions of the sets
Ln that the set pn(Fe) as well as its group hull gr(pn(Fe)) in ZLn2 is finite for every n. Then
the closed group hull gr(Fe) of Fe , being a subgroup of the inverse limit lim← gr(pn(Fe))
of a sequence of finite groups, is a metrizable compact subgroup in ZL\↑e2 . ✷
Claim C. The closed group hull Ge of the set e ∗Ne in the group {e} ×ZL2 is metrizable.
Proof. The group Ge can be identified with the closed group hull gr(prL(Ne)) of the
set prL(Ne) in the group ZL2 . Clearly, gr(prL(Ne)) ⊂ ZL∩↑e2 × gr(Fe) and thus the
metrizability of the group gr(prL(Ne)) follows from Claim B and the countability of the
set L∩ ↑e. ✷
Claim D. He ⊂Ge .
Proof. Fix any element (e, z) /∈Ge. We shall find a neighborhood U of (e, z) in T × ZL2
such that U separates the point (e, z) from the semigroup hull of the set f¯ (βN) in T ×ZL2 .
Applying Theorem 5.18 of [35], we may find an open-and-closed subgroup G ⊂ ZL2
such that Ge ⊂ {e} ×G and z /∈G. Observe that the set D = prT (S′ \ (T ×G)) is closed
in T and misses the upper cone ↑e. Indeed, assuming that D ∩ ↑e is not empty, we would
find a point (d, x) ∈ S′ such that d  e and x /∈G. For this point we have (d, x) ∈Ne and
thus (e, x)= e ∗ (d, x) ∈ e ∗Ne ⊂Ge ⊂ {e} ×G, a contradiction with x /∈G.
Let W ⊂ T be an open neighborhood of the set D such that W ∩ ↑e= ∅. Observe that
the lower cone ↓W of the closure W of W in T , being the projection of the compact set
{(x, y) ∈ T ×W : x  y} ⊂ T ×T onto the first coordinate, is closed in T . Moreover, since
W ∩↑e= ∅, we get ↓W ∩↑e= ∅. Clearly, the set
Q= (↓W)×ZL2 ∪ T ×G  (e, z)
is a closed subsemigroup in T ×ZL2 containing the open neighborhoodW ×ZL2 ∪T ×G of
the semigroup S′. It follows that the set P = f¯ (βN)\Q is finite. By the choice of the group
G and the set Ne, we have P ∩Ne = ∅ and thus prT (P )∩↑e= ∅ and (↓prT (P ))∩↑e= ∅.
Finally, letU = (T \↓prT (P ))×(ZL2 \G). It can be shown thatU is an open neighborhood
of the point (e, z), missing the semigroup hull of the set f¯ (βN) in T ×ZL2 . ✷
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By Claims C and D, the maximal group He of S˜ is metrizable. Therefore, the proper-
ty (7) for the semigroup S˜ is proved.
(8) Since the space S˜ is separable, it admits a strictly positive measure.
(9) Since the space S˜ is separable and first-countable, we get πw(S) χ(S˜) ·d(S˜) ℵ0
and ℵ0  max{c(S˜), c<ω(S˜), c∗∗(S˜), sh(S˜)}  d(S˜)  ℵ0. By the property (6) of the
semigroup S, hc(S) = |L| = ℵ1. Since S˜ ⊃ S, we get ℵ1 = hc(S)  hc(S˜)  w(S˜) 
w(T ×ZL2 )= |L| = ℵ1.
(10) Clearly, the space S˜ is not monolithic and thus is not Corson compact. By the
property (4) of the semigroup S, the space S˜ ⊃ S is neither Rosenthal nor fragmentable
compact. Finally, by Theorem 3.12, the semigroup S˜ is not scadic compact. ✷
Remark 4.2. The space S from Theorem 4.1, being a first countable compact space
satisfying (∗) and (Kn) for all n  2 but failing (∗∗), provides a positive answer to the
question of Eric van Douwen and S. Negrepontis posed on p. 209 of [1].
The example from Theorem 4.1 rises several natural questions.
Question 4.3.
(a) Do the semigroups S and S˜ constructed in Theorem 4.1 admit a metrizable compact
topology compatible with the semigroup operation?
(b) Is sh(S)= |L|?
(c) Has the space S˜ the property (M)?
(d) Are the spaces S and S˜ supercompact or hyadic?
(e) What interesting can be said about the topological and geometric properties of the
spaces P(S), P(S˜) of probability measures and the Banach spaces C(S), C(S˜) of
continuous functions on the compacta S and S˜?
Question 4.4. Suppose S is a compact topological inverse Clifford semigroup such that the
maximal semilattice and all maximal groups of S are metrizable.
(a) Is S metrizable if the maximal semilattice is Hušek small in S?
(b) Is S metrizable if it is supercompact or hyadic?
(c) Is S metrizable if it is fragmentable or Rosenthal compact?
(d) Is S metrizable if it has countable spread (is hereditarily separable)?
(e) Does the space S satisfy the property (M)?
According to Theorem 3.6 the answer to Question 4.4 is positive under (MA+¬CH).
Observe that each compact topological group, being dyadic, is hyadic; also each
compact Lawson semilattice is hyadic.
Question 4.5. Let S be a compact topological inverse Clifford semigroup (whose maximal
semilattice is Lawson). Is the space S hyadic?
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It is known that each compact topological group and each compact linearly ordered
space is supercompact [39, p. 605].
Question 4.6. Is a compact topological inverse Clifford semigroup S supercompact if the
maximal semilattice of S is linearly ordered?
Remark 4.7. Unlike to compact linearly ordered spaces, compact Lawson semilattices
need not be supercompact. A standard counterexample is the Aleksandrov compactification
αÊ, where E = 2ω ∪ ⋃n∈ω 2n is the usual binary tree endowed with the standard
semilattice operation. It is well-known that the space αÊ is not supercompact, see [31].
To see that it carries the structure of a Lawson semilattice, observe that the space αÊ
can be identified with the subspace of the Cantor discontinuum {0,1}2ω , consisting of
characteristic functions of the following subsets of the Cantor cube 2ω: ∅, 2ω, {x}, and
pr−1n (y) where x ∈ 2ω, n ∈ N, y ∈ 2n and prn : 2ω → 2n stands for the projection onto
the first n-coordinates. Under this identification compactifying point of αÊ coincides with
zero—the characteristic function of the empty set. It is easy to see that the space αÊ ⊂
{0,1}2ω endowed with the partial order inherited from {0,1}2ω is a Lawson semilattice with
respect to the operation min. Moreover, the space αÊ is a scattered Rosenthal compactum
but, being separable and not metrizable, is not Corson compact.
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